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Functional reactive programming (FRP) is a declarative programming paradigm for implementing reactive

programs at a high level of abstraction. It applies functional programming principles to construct and manipu-

late time-varying values, also known as signals. However, for this programming paradigm to work in practice,

an FRP language must ensure that programs are causal, productive, and free from space leaks. Over the past
fifteen years, several modal type systems to enforce these operational properties have been developed.

We present a new FRP language with a significantly simplified modal type system that imposes fewer

restrictions than previous modal FRP languages while still guaranteeing the central operational properties of

causality, productivity, and absence of space leaks. The key enabling idea is to alter the semantics of signals so

that the type system can safely allow more programs to type-check, which also makes the language more

expressive. With this new semantics, signals are modelled as mutable references whose mutability is tightly

controlled by the ‘later’ type modality. This disciplined form of mutability also enables more efficient in-place

updates of signals, all while preserving a functional programming style.

1 Introduction
Functional reactive programming (FRP) [Elliott and Hudak 1997; Wan and Hudak 2000] is a

declarative programming paradigm to describe, implement, and reason about reactive programs. A

reactive program is an indefinitely running piece of software that continually interacts with its

environment by receiving input from the environment and in return producing output that is sent

to the environment. This class of software is ubiquitous – ranging from graphical user interfaces

and servers to safety critical control software for components in aircraft and power plants.

The central abstraction employed by FRP to model the interaction with the environment is

the notion of a signal [Courtney and Elliott 2001] (or behaviour [Elliott and Hudak 1997]), which

represents a time-varying value. FRP employs functional programming principles to construct,

consume, and manipulate such signals. These principles afford a high-level of abstraction and

modularity along with equational reasoning principles to help understand and maintain reactive

programs.

However, this high level of abstraction makes it difficult to compile FRP programs into effective

and efficient low-level software. To allow such low-level implementations, the FRP language must

guarantee three properties: productivity, that is, after receiving an input the program must produce

its response in finite time; causality, that is, at any time the produced output may only depend

on current or past inputs; and no space leaks, that is, the program may not retain input values in

memory indefinitely. Reactive programs that don’t satisfy these properties will eventually grind to

a halt and thus become unresponsive.

1.1 Operational Properties of Reactive Programs
To illustrate these three key operational properties of reactive programs, we first consider a naive

representation of signals as coinductive streams:

codata Sig a = a :: (Sig a)
That is, a signal of type Sig a consists of a head of type a and a tail of type Sig a. Here we use ::
as an infix constructor symbol. For example, assuming that :: is parsed in a right-associative way,

the signal consisting of consecutive natural numbers is 0 :: 1 :: 2 :: · · · . We can interact with such

signals similarly to lists. For example, we can read the current value of a signal by taking its head,
and we can implement common higher-order functions such as map:
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head : Sig a → a
head (x :: xs) = x

map : (a → b) → Sig a → Sig b
map f (x :: xs) = f x ::map f xs

Unfortunately, this coinductive representation of signals allows for pathological programs, such as

the following two functions, just as easily:

cycle : Sig Int → Sig Int
cycle (x :: xs) = cycle ((x + 1) :: xs)

skip : Sig Int → Sig Int
skip (x :: xs) = xs

The function cycle is not productive, as it recursively calls itself without making any progress,

unlike map, which produces f x before recursing on the tail xs of the signal. In turn, skip is not

causal as the 𝑛th output of skip xs depends on the n + 1st input from xs. Interpreted as reactive

programs, both cycle and skip would immediately get stuck as they are unable to even produce the

first output value in reaction to the first input value.

This representation of signals is also prone to space leaks, which are notoriously hard to spot

and debug. Consider the following innocuously looking function:

addHead : Sig Int → Sig Int
addHead xs = map (𝜆x .x + head xs) xs
This reactive program will run and produce output in reaction to input values, but it will also very

quickly run out of memory as it has to buffer the entire history of the input signal: Each time a new

integer is received on the input signal xs, that integer has to be stored indefinitely. The problem is

that map recursively traverses the signal xs, i.e. it traverses forward in the signal as new inputs

arrive, while the function closure for 𝜆x .x + head xs given to map contains xs, which points to the

very beginning of the entire history of the input signal. To illustrate this, let’s evaluate addHead xs,
assuming an input signal xs of consecutive natural numbers starting from 0. After having received

7 values on the input signal xs, the memory representation of the input signal looks as follows:

0 • 1 • 2 • 3 • 4 • 5 • 6 •

map (𝜆x .x + head 𝑥𝑠) xs6

The recursively defined map function traverses the signal xs by one step each time xs receives a
new value. After xs has received the number 6, we are at the 6th recursive call of map (illustrated

above) on the signal xs6 that starts with the number 6. However, the variable xs in the function

closure still points to the initial signal starting at 0. Hence, we have to keep the entire prefix of the

signal from 0 to 6 in memory. The longer the program runs and receives input, the more memory it

will use – until we eventually run out of memory.

1.2 Modal Types
Several approaches have been proposed to avoid some or all of the pathological operational

behaviours illustrated above (cf. section 6). In this article, we are particularly interested in a type-

based approach, which still allows programmers direct access to signals but carefully controls it

with the help of modal types inspired by linear temporal logic [Pnueli 1977]. Originally proposed

by Jeltsch [2012] and Jeffrey [2012], this idea has spawned several FRP calculi that use modal types

to guarantee productivity, causality, and the absence of space leaks [Bahr 2022; Bahr et al. 2019;

Bahr and Møgelberg 2023; Krishnaswami 2013].

The type systems of these calculi feature two type modalities: The later modality ⃝ and the

stable modality □. Intuitively speaking, a value of type ⃝A is the promise of a value of type A
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arriving in the next time step. Instead of recursively defining Sig A as A×Sig A, these calculi define
Sig A by guarded recursion [Nakano 2000] as A × ⃝(Sig A). That is, the tail of a signal is only
available in the next time step. The use of ⃝ makes these calculi productive (via guarded recursion)

and causal (since the tail of a signal is now of type ⃝(Sig A) rather than Sig A). The second type

modality, □, classifies stable data, i.e. data that is time-independent and is thus cheap to keep in

memory. Only such stable data can be moved into the future. For example, in these calculi, map
has the type □(a → b) → Sig a → Sig b, as the function argument must be applied at any time

in the future and thus must be stable. This prevents the space leak we observed in the addHead
function above by simply outlawing it altogether:

addHead′ : Sig Int → Sig Int -- This function does not type check:

addHead′ xs = map (box (𝜆x .x + head xs)) xs -- The first occurrence of xs is not in scope.

The function passed to map has to be ‘boxed’, which causes xs to fall out of scope in the function

body, because xs is not of a stable type.
This is an elegant, modular approach to ruling out ill-behaved programs while still maintaining

the functional style of programming with recursively defined streams. However, this comes at

the expense of conceptual simplicity and expressiveness: The programmer has to negotiate a

complex type system that uses multiple contexts, type qualifiers [Krishnaswami 2013], or Fitch-

style tokens [Bahr et al. 2019] to prevent certain variables (such as xs in the definition of addHead′)
from being in scope. This also creates additional bureaucracy that programs have to perform, such

as the addition of □ in the type of map, which necessitates box and unbox operations. And finally,

by outright disallowing addHead, we reduce the expressiveness of the language. It is not possible
to take a signal xs : Sig Int and directly use it in the future, e.g. reading the current value of xs in
response to a future event occurring.

1.3 Contributions
In this article we present a new FRP language, dubbed Rizzo, that adopts a different solution

to avoiding space leaks: Instead of ruling out programs like addHead, we change the semantics

of signals so that such programs will no longer leak space. The central idea is that signals are

represented by mutable references, namely Sig A � Ref (A × ⃝(Sig A)). That is, a signal of type
Sig A is a mutable reference to a pair (𝑣,𝑢) consisting of the signal’s current value 𝑣 and a delayed

computation 𝑢 to update the signal in the next time step. Importantly, the program cannot directly

update the mutable reference. Instead, the reference is updated using the delayed computation

𝑢. As a consequence, it is impossible for a Rizzo program to have references to the same signal

at different time offsets. Compare this to the addHead example from section 1.1 where we have

references to two different time offsets of the same signal: the initial signal from the start of the

program (with current value 0) and the current signal (with current value 6).

While Rizzo still uses the later modality to ensure causality and productivity, we no longer

need a separate type modality □ to classify stable values nor a complex type system that keeps

track of them. In addition, by not ruling out programs like addHead we also extend the language’s

expressiveness in practically significant ways.

Similar to recently proposed FRP languages [Bahr and Møgelberg 2023; Graulund et al. 2021],

Rizzo is an asynchronous FRP language, which means that two signals will not necessarily receive

updates at the same time. However, the mutable reference semantics employed by Rizzo allows

signals to interact in a direct way:

sample : Sig A → Sig B → Sig (A × B)
sample xs ys = map (𝜆x .(x, head ys)) xs
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Locations 𝑙 ∈ Loc
Channels 𝜅 ∈ Chan
Types 𝐴, 𝐵 ::= 𝛼 | 1 | 𝐴 × 𝐵 | 𝐴 + 𝐵 | 𝐴 → 𝐵 | ∃⃝𝐴 | ∀⃝𝐴 | Sig𝐴 | Chan𝐴 | 𝜇𝛼.𝐴
Values 𝑣,𝑤 ::= 𝑥 | () | 𝜆𝑥 .𝑡 | (𝑣,𝑤) | in𝑖 𝑣 | 𝑙 | 𝜅 | wait 𝑣 | watch 𝑣 | 𝑣 ::𝐴 𝑤 | 𝑣 5𝑤 | delay 𝑡

| never | tail 𝑣 | sync 𝑣 𝑤 | cons𝜇𝛼.𝐴 𝑣

Terms 𝑠, 𝑡 ::= 𝑣 | rec (𝑥 .𝑠, 𝑡) | (𝑠, 𝑡) | in𝑖 𝑡 | 𝜋𝑖 𝑡 | 𝑡1𝑡2 | chan𝐴 | case 𝑡 of in1 𝑥 .𝑡1; in2 𝑥 .𝑡2
| sync 𝑠 𝑡 | 𝑠 5 𝑡 | 𝑠 � 𝑡 | wait 𝑡 | watch 𝑡 | 𝑠 ::𝐴 𝑡 | fix𝑥 .𝑡 | head 𝑡 | tail 𝑡 | cons𝜇𝛼.𝐴 𝑡

Fig. 1. Syntax.

Given signals xs and ys, sample constructs a new signal that produces a new value (𝑥,𝑦) whenever
xs produces a new value, where x is the current value of xs and y is the current value of ys. This
sampling function is not expressible in any previous language with strict space leak guarantees.

Inspired by recent work of Bahr and Møgelberg [2023], Rizzo captures asynchronicity by allowing
each delayed computation to have its own clock 𝜃 . A delayed computation 𝑣 : ⃝𝜃𝐴 produces a

value of type 𝐴 as soon as the clock 𝜃 ticks. However, as demonstrated by op. cit., it is enough for

an FRP language to only consider the two special cases ∀⃝𝐴 = ∀𝜃 .⃝𝜃𝐴 and ∃⃝𝐴 = ∃𝜃 .⃝𝜃𝐴 that

quantify over the clock universally and existentially, respectively.

The main technical results of this article are the metatheoretical properties of Rizzo: We prove

that the language is productive, causal, and does not have space leaks. The proof uses a combination

of a logical relations argument as well as a type preservation argument. The entire proof has been

formalised using the Lean theorem prover [Moura and Ullrich 2021]. This Lean formalisation is

available as supplementary material [Bahr 2025]. In addition, this article presents multiple examples

that demonstrate the expressiveness and the simplicity of Rizzo compared to previous work.

1.4 Overview
We give an overview of the Rizzo language in section 2 and present two extended examples in

section 3. Section 4 presents the operational semantics of the language, illustrates it with examples,

and gives a precise account of the main technical results in terms of the operational semantics.

Section 5 sketches the proof of the main results. Finally, section 6 discusses related work, and

section 7 discusses conclusions and future work.

2 Introduction to Rizzo
We give an overview of the Rizzo language. For a complete specification of its syntax and typing,

we refer the reader to Figures 1, 2, and 3. The language is based on the simply typed lambda calculus

with product and sum types as well as basic inductive types. The typing judgement Γ ⊢Δ 𝑡 : 𝐴

defined in Figure 3 takes a term 𝑡 ; a closed type 𝐴, i.e. ⊢ 𝐴 : type according to the type formation

rules in Figure 2; a typing context Γ consisting of variable type assignments of the form 𝑥 : 𝐵

with 𝐵 a closed type; and a channel context Δ consisting of channel type assignments of the form

𝜅 : Chan𝐵 with 𝐵 a closed type.

2.1 Signals and Delayed Computations
The two most important types of Rizzo are the type of signals Sig and the (existential) later modality

∃⃝. A value of type Sig A is a value of type A that changes over time, whereas a value of type ∃⃝ A
is conceptually a pair (𝜃, f ) consisting of a clock 𝜃 and a delayed computation f that is able to

produce a value of type A as soon as 𝜃 ticks. Given a value v : ∃⃝ A, we write cl(v) to refer to the

clock of v. We will have a closer look at clocks and how they tick in section 2.2 below.
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Φ ⊢ 𝐴 : type

Φ ⊢ Sig𝐴 : type

Φ ⊢ 𝐴 : type Φ ⊢ 𝐵 : type

Φ ⊢ 𝐴 × 𝐵 : type

Φ ⊢ 𝐴 : type Φ ⊢ 𝐵 : type

Φ ⊢ 𝐴 + 𝐵 : type

⊢ 𝐴 : type ⊢ 𝐵 : type

Φ ⊢ 𝐴 → 𝐵 : type

Φ ⊢ 1 : type
⊢ 𝐴 : type

Φ ⊢ ∃⃝𝐴 : type

⊢ 𝐴 : type

Φ ⊢ ∀⃝𝐴 : type

⊢ 𝐴 : type

Φ ⊢ Chan𝐴 : type

𝛼 ⊢ 𝐴 : type

Φ ⊢ 𝜇 𝛼.𝐴 : type 𝛼 ⊢ 𝛼 : type

Fig. 2. Type formation rules.

Γ, 𝑥 : 𝐴, Γ′ ⊢Δ 𝑥 : 𝐴 Γ ⊢Δ () : 1
Γ, 𝑥 : 𝐴 ⊢Δ 𝑡 : 𝐵

Γ ⊢Δ 𝜆𝑥 .𝑡 : 𝐴 → 𝐵

Γ ⊢Δ 𝑡 : 𝐴 → 𝐵 Γ ⊢Δ 𝑡 ′ : 𝐴

Γ ⊢Δ 𝑡 𝑡 ′ : 𝐵

Γ ⊢Δ 𝑡 : ∀⃝ (𝐴 → 𝐵) Γ ⊢Δ 𝑡 ′ : ∀⃝𝐴

Γ ⊢Δ 𝑡 � 𝑡 ′ : ∀⃝ 𝐵

Γ ⊢Δ 𝑡 : ∀⃝ (𝐴 → 𝐵) Γ ⊢Δ 𝑡 ′ : ∃⃝𝐴

Γ ⊢Δ 𝑡 5 𝑡 ′ : ∃⃝ 𝐵

Γ ⊢Δ 𝑡 : 𝐴𝑖 𝑖 ∈ {1, 2}
Γ ⊢Δ in𝑖 𝑡 : 𝐴1 +𝐴2

Γ, 𝑥 : 𝐴𝑖 ⊢Δ 𝑡𝑖 : 𝐵 Γ ⊢Δ 𝑡 : 𝐴1 +𝐴2 𝑖 ∈ {1, 2}
Γ ⊢Δ case 𝑡 of in1 𝑥 .𝑡1; in2 𝑥 .𝑡2 : 𝐵

Γ ⊢Δ 𝑡 : 𝐴 Γ ⊢Δ 𝑡 ′ : 𝐵

Γ ⊢Δ
(
𝑡, 𝑡 ′

)
: 𝐴 × 𝐵

Γ ⊢Δ 𝑡 : 𝐴1 ×𝐴2 𝑖 ∈ {1, 2}
Γ ⊢Δ 𝜋𝑖 𝑡 : 𝐴𝑖

Γ ⊢Δ 𝑡 : 𝐴

Γ ⊢Δ delay 𝑡 : ∀⃝𝐴 Γ ⊢Δ never : ∃⃝𝐴

𝜅 : Chan𝐴 ∈ Δ

Γ ⊢Δ 𝜅 : Chan𝐴 Γ ⊢Δ chan𝐴 : Chan𝐴

Γ ⊢Δ 𝑡 : Chan𝐴

Γ ⊢Δ wait 𝑡 : ∃⃝𝐴

Γ ⊢Δ 𝑡 : Sig (𝐴 + 1)
Γ ⊢Δ watch 𝑡 : ∃⃝𝐴

Γ ⊢Δ 𝑡1 : ∃⃝𝐴1 Γ ⊢Δ 𝑡2 : ∃⃝𝐴2

Γ ⊢Δ sync 𝑡1 𝑡2 : ∃⃝((𝐴1 +𝐴2) + (𝐴1 ×𝐴2))
Γ ⊢Δ 𝑡 : 𝐴[𝜇 𝛼.𝐴/𝛼]

Γ ⊢Δ cons𝜇𝛼.𝐴 𝑡 : 𝜇 𝛼.𝐴

Γ, 𝑥 : 𝐴[(𝜇𝛼.𝐴) × 𝐵/𝛼] ⊢Δ 𝑠 : 𝐵 Γ ⊢Δ 𝑡 : 𝜇𝛼.𝐴

Γ ⊢Δ rec (𝑥 .𝑠, 𝑡) : 𝐵
Γ, 𝑥 : ∀⃝𝐴 ⊢Δ 𝑡 : 𝐴

Γ ⊢Δ fix𝑥 .𝑡 : 𝐴

Γ ⊢Δ 𝑡 : Sig𝐴

Γ ⊢Δ head 𝑡 : 𝐴

Γ ⊢Δ 𝑡 : Sig𝐴

Γ ⊢Δ tail 𝑡 : ∃⃝ (Sig𝐴)
Γ ⊢Δ 𝑠 : 𝐴 Γ ⊢Δ 𝑡 : ∃⃝ (Sig𝐴)

Γ ⊢Δ 𝑠 ::𝐴 𝑡 : Sig𝐴

Fig. 3. Typing rules. Types range over closed types as defined in Fig. 2.

Signals are constructed using the :: operator, whose type can be given as follows:

:: : A → ∃⃝ (Sig A) → Sig A

The signal v :: w has the current value v : A and will update itself to the value of type Sig A
produced by w as soon as cl(w) ticks. The current value and the future of a signal can be accessed

via head : Sig A → A and tail : Sig A → ∃⃝ (Sig A), respectively. However, we will usually use

pattern matching syntax instead. For example, the map function can be implemented as follows:

map : (A → B) → Sig A → Sig B
map f (x :: xs) = f x :: (map f ▷ xs)

This definition uses the functorial action operator ▷ : (A → B) → ∃⃝ A → ∃⃝ B on the later

modality. In the above definition, the tail xs of the input signal is of type ∃⃝ (Sig A) and we use ▷
to apply map f : Sig A → Sig B to it. In section 2.3, we explain how the syntactic sugar of recursive

function definitions such as that of map above are translated into the core calculus syntax of Rizzo.
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𝜅1 : Chan Bool 𝜅2 : Chan Bool 𝜅3 : Chan Int 𝜅4 : Chan Int

𝑙1 : Sig Bool {𝜅1} 𝑙2 : Sig Bool {𝜅2} 𝑙3 : Sig Int {𝜅3} 𝑙4 : Sig Int {𝜅4}

𝑙5 : Sig Bool {𝜅1, 𝜅2}

𝑙6 : Sig (Bool × Int) {𝜅2} 𝑙7 : Sig (Int + 1) {𝜅4}

𝑙8 : Sig Int {𝜅2} 𝑙9 : Sig Int {𝜅3, 𝑙7}

Fig. 4. Dataflow graph of a Rizzo program with channels 𝜅1, 𝜅2, 𝜅3, 𝜅4.

The functorial action operator ▷ is not a primitive in Rizzo but is defined in terms of other

primitives. To understand its definition, we must first consider the second later modality in Rizzo,
the universal later modality ∀⃝: A value v of type ∀⃝ A is a delayed computation that will produce a

value of type A whenever any clock ticks. This modal type facilitates guarded recursion as we shall

see in section 2.3, and it has the interface of an applicative functor [McBride and Paterson 2008]:

delay : A → ∀⃝ A � : ∀⃝ (A → B) → ∀⃝ A → ∀⃝ B

This interface allows us to delay any value into the future and to apply a delayed function to a

delayed argument to obtain its delayed result. In addition, ∀⃝ also features a variant of the applicative

action operator � that interacts with the existential later modality:

5 : ∀⃝ (A → B) → ∃⃝ A → ∃⃝ B

This interaction between the two later modalities is possible since a universally delayed function

f : ∀⃝ (A → B) is available at any time in the future. In particular, it is available when the clock

cl(v) of an existentially delayed value v : ∃⃝ A ticks and produces a value of type A. Therefore,
f 5 v produces a value whenever v does, i.e. cl(f 5 v) = cl(v).

This allows us to define the functorial action on ∃⃝ that we used in the implementation of map:

▷ : (A → B) → ∃⃝ A → ∃⃝ B
f ▷ x = delay f 5 x

2.2 Channels and Clocks
In addition to delay, �, and 5, Rizzo provides four more primitives to construct and manipulate

delayed computations: never, sync, watch, and wait. But before we look closer into how they work,

we take a step back and consider the underlying notion of clocks and channels on which the two

later modalities are built.

Clocks are a conceptual tool that allows us to reason about the timing of delayed computations,

e.g. cl(f 5 v) = cl(v). Delayed computations can be triggered by two kinds of events: when a

channel receives a new value or when a partial signal produces a new value. A channel 𝜅 is an

address on which a Rizzo program may receive input. For example, we might have a channel that

receives the mouse coordinates every time the user clicks a mouse button. In turn, a partial signal 𝑙
is a signal of type Sig (A + 1), and we say that 𝑙 produces the value v : A whenever 𝑙 is updated to a

value in1 v : A + 1. Each delayed computation v : ∃⃝ A has a clock 𝜃 , which is a set consisting of

channels and partial signals. A clock 𝜃 ticks whenever a channel 𝜅 ∈ 𝜃 has received a new value or

a partial signal 𝑙 ∈ 𝜃 produces a new value (i.e. 𝑙 is updated to a value of the form in1 v).
To illustrate the interaction of clocks, channels, and (partial) signals, Figure 4 illustrates the

dataflow graph of a Rizzo program at a particular point in time. At the top, we have four channels
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𝜅1, 𝜅2, 𝜅3, 𝜅4 from which the program can receive input. The boxes represent signals constructed by

the program. The data associated with each signal – its current value and the delayed computation

that defines its future – is stored at some location on the heap. These locations are indicated as

𝑙1, 𝑙2, . . . , 𝑙9 in the figure. Each value v : ∃⃝ A has an associated clock cl(v) that tells us when v is

able to produce the value of type A. In particular, the tail of a signal is a delayed computation that

has such a clock, and Figure 4 indicates these clocks associated with each signal. For example, the

tail of the signal at 𝑙5 has the clock {𝜅1, 𝜅2} and will therefore update 𝑙5 when data is received on

channel 𝜅1 or channel 𝜅2. Note that these clocks are dynamic: Once {𝜅1, 𝜅2} ticks and the signal at

𝑙5 is updated, the updated signal has a new tail, whose clock may be different from {𝜅1, 𝜅2}.
The arrows in Figure 4 depict data dependencies, i.e. they indicate in which direction data flows,

while the clocks represent timing information, i.e. they indicate when data flows. For example, the

signal at 𝑙6 depends on 𝑙2 and 𝑙3 but only produces a new value whenever 𝜅2 receives input but not

𝜅3. The dotted line indicates the flow of data, but the absence of a timing dependency, whereas

solid and dashed lines indicate both timing and data dependencies. To see an example of such data

dependency despite timing independence, we implement a sampling combinator using map:

sample : Sig A → Sig B → Sig (A × B)
sample xs ys = map (𝜆x → (x, head ys)) xs

The signal sample xs ys updates every time xs updates, i.e. cl(tail (sample xs ys)) = cl(tail xs), but
its value depends on both xs and ys. For example, 𝑙6 may have been constructed as sample l2 l3.

Apart from channels, clocks can also contain partial signals. For example, the signal at 𝑙7 is such

a partial signal and the signal at 𝑙9 will update whenever we receive input on 𝜅3 or when the signal

at 𝑙7 updates to a value of the form in1 v. We will see a concrete example of this below when we

implement the filter combinator. Finally, we want to emphasise that Figure 4 depicts a snapshot
of the dataflow graph of a program, and this dataflow graph will dynamically change during the

runtime of the program. The flow of data can dynamically change and therefore also the clocks

associated with each signal.

We now turn to how dataflows as depicted in Figure 4 are constructed in Rizzo. Channels are
first-class values in Rizzo and can either be drawn from the channel environment Δ or be created

dynamically using chanA : Chan A. A channel of type Chan A can receive data of type A. For
example, the channel context Δ may contain a channel 𝜅keyboard : Chan Char ∈ Δ, which sends the

character that the user typed on the keyboard. We can wait for receiving a value from a channel

using wait : Chan A → ∃⃝ A. Given a channel 𝜅 : Chan A, the term wait 𝜅 constructs a delayed

computation with clock {𝜅}. For example, wait𝜅keyboard : ∃⃝ Char is a delayed computation that

produces a character value as soon as the user presses a keyboard key.

In turn, we can use delayed computation to construct signals:

mkSig : ∃⃝ A → ∃⃝ (Sig A)
mkSig da = (𝜆a.a ::mkSig da) ▷ da

For example, the signal 𝑙1 in Figure 4 could have been constructed as False ::mkSig (wait 𝜅1), i.e. a
signal with the initial value False, which updates each time 𝜅1 receives a new value.

Rizzo is asynchronous, which means that two delayed values v : ∃⃝ A and w : ∃⃝ B may not arrive

at the same time. In other words, v and w may have different clocks cl(v) and cl(w). To interact
with multiple delayed computations, Rizzo features the primitive

sync : ∃⃝ A → ∃⃝ B → ∃⃝ ((A + B) + (A × B))
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Given v : ∃⃝ A and w : ∃⃝ B, sync v w is a delayed computation with clock cl(v) ∪ cl(w) that will
either produce the value produced by v, w, or both, depending on whether v arrives first, w arrives

first, or both arrive at the same time, respectively.

To make the type of sync more readable, we use the shorthand Sync A B for the type (A +
B) + (A × B) as well as the shorthands Left t, Right t, and Both s t for in1 (in1 t), in1 (in2 t), and
in2 (s, t), respectively. We can use sync to construct dynamic dataflows. The prototypical signal

combinator with dynamic dataflow is switch, which constructs a signal that first behaves like the

first signal it is given but then switches its behaviour to the second – delayed – signal as soon as

that second signal arrives:

switch : Sig A → ∃⃝ (Sig A) → Sig A
switch (x :: xs) d = x :: (cont ▷ sync xs d)
where cont : Sync (Sig A) (Sig A) → Sig A

cont (Fst xs′) = switch xs′ d
cont (Snd d′) = d′

cont (Both d′) = d′

For example, the signal 𝑙5 in Figure 4 could have been constructed as switch l1 (tail l2). Initially,
the tail of this signal has the clock cl(tail l1) ∪ cl(tail l2), but as soon as cl(tail l2) ticks, the tail of
𝑙5 changes its clock to cl(tail l2).

The primitive never : ∃⃝ A allows us to construct delayed computations with an empty clock that

will never produce a value. This is useful for constructing constant signals:

const : A → Sig A
const x = x :: never

In turn, const can be used with a combinator like switch to construct signals that at first are constant,
but may switch to a different value in the future.

Finally, the primitive watch : Sig (A + 1) → ∃⃝ A allows us to treat partial signals similarly

to channels. In this context, we use the shorthand Maybe A for A + 1, and we write Just t and
Nothing for in1 t and in2 (), respectively. Given a partial signal l : Sig (Maybe A), watch constructs

a delayed computation that produces value of type A whenever l is updated to a value of the form

Just v with v : A. This allows us to implement a filter combinator that constructs a new signal that

only updates whenever the original signal produces a value that satisfies a given predicate:

filter : (A → Bool) → ∃⃝ (Sig A) → ∃⃝ (Sig A)
filter p s = mkSig (watch (Nothing :: (mapMaybe p s)))

where mapMaybe : (A → Bool) → ∃⃝ (Sig A) → ∃⃝ (Sig (Maybe A))
mapMaybe f d = map (𝜆x .if f x then Just x else Nothing) ▷ d

For example, the signal 𝑙9 in Figure 4 may have been constructed as switch l3 (filter (𝜆x .x >

10) (tail l4)). That is, 𝑙9 first behaves as 𝑙3 but then switches to the signal of numbers greater than

10 produced by 𝑙4 as soon as the first such number arrives on 𝑙4. To this end, the filter combinator

constructs a new signal of type Sig (Maybe Int) stored at 𝑙7, which produces a value Just nwhenever
𝑙4 updates to a number n > 10 and otherwise produces Nothing. The filter combinator is useful for

signals that represent events to which we want our program to react. For example, we might have

a signal of keyboard events that we want to filter to only contain those events corresponding to

digits, if we only want the user to input numbers in certain contexts.
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2.3 Recursive Types and Guarded Recursion
Rizzo features recursive types of the form 𝜇𝛼.𝐴, where 𝛼 may appear nested under product, sum,

and signal types in𝐴, but no other type constructors. This includes standard inductive types such as

the type of natural numbers 𝜇𝛼.1+𝛼 , list types 𝜇𝛼.1+(𝐴×𝛼) and binary tree types 𝜇𝛼.𝐴+(𝐴×𝛼×𝐴).
But it also includes recursive types with signals such as binary tree types 𝜇𝛼.𝐴 + Sig (𝐴 × 𝛼 ×𝐴),
where each inner node is a signal and can thus change over time. We will see an example of this in

section 3, where we use such trees to construct graphical user interfaces.

We can traverse such recursive data structures using the primitive recursion combinator rec, but
in examples we use standard pattern matching and recursion syntax, which can be translated into

uses of rec:

data List A = Nil | Cons A (List A)
length : List A → Nat
length Nil = 0

length (Cons x xs) = 1 + length xs

This pattern matching syntax desugars into the following definition:

length = 𝜆𝑙 .rec (𝑟 .case 𝑟 of in1 𝑥 .0; in2 𝑥 .1 + 𝜋2 𝑥, 𝑙)

In addition, Rizzo features guarded recursion via the guarded fixed point combinator fix. We

have already seen several examples of functions defined using guarded recursion, including map,
mkSig, and switch. If all recursive calls are guarded by an application of delay, we can translate

these definitions from recursion syntax into a guarded fixed point. For example, the recursive call

in the definition of map appears as the first argument to ▷ and is thus guarded by a delay. We can

translate this definition into an explicit use of fix and also translate the pattern matching syntax

into explicit projections with head and tail so that we obtain a term in the core calculus:

map : (A → B) → Sig A → Sig B
map = fix r .𝜆f .𝜆s.let x = head s in let xs = tail s in f x :: (delay (𝜆r′ .r′ f ) � r 5 xs)

This translation from recursive surface syntax to explicit guarded fixed points follows a general

scheme. Given a recursively defined function 𝑓 where all recursive calls occur under a delay, we
can desugar a recursive definition of the form

𝑓 𝑥1 . . . 𝑥𝑛 = 𝐶 [delay 𝑡1, . . . , delay 𝑡𝑛]

where 𝑓 does not occur in C, into the following form that uses fix:

𝑓 = fix 𝑟 .𝜆𝑥1 . . . 𝜆𝑥𝑛 .𝐶 [delay(𝜆𝑟 ′ .𝑡1 [𝑟 ′/𝑓 ]) � 𝑟, . . . , delay(𝜆𝑟 ′ .𝑡𝑛 [𝑟 ′/𝑓 ]) � 𝑟 ]

Moreover, pattern matching is desugared into corresponding eliminators of the calculus in the

standard way as we have seen in the example for map above. We shall see more examples of how

the surface syntax is translated into the syntax of the core calculus in section 4.5.

3 Programming in Rizzo
In this section, we present a collection of example Rizzo programs to illustrate the expressiveness

of the language. We start by implementing a small library of signal combinators and then use some

of these combinators to implement a simple GUI library along with a small GUI application.
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map : (A → B) → Sig A → Sig B
switch : Sig A → ∃⃝ (Sig A) → Sig A
mkSig : ∃⃝ A → ∃⃝ (Sig A)
const : A → Sig A
sample : Sig A → Sig B → Sig (A × B)
zip : Sig A → Sig B → Sig (A × B)

jump : (A → Maybe (Sig A)) → Sig A → Sig A
interleave : (A → A → A) → Sig A → Sig A → Sig A
switchS : Sig A → ∃⃝ (A → Sig A) → Sig A
switchR : Sig A → ∃⃝ (Sig (A → Sig A)) → Sig A
scan : (B → A → B) → B → Sig A → Sig B
filter : (A → Bool) → ∃⃝ (Sig A) → ∃⃝ (Sig A)

Fig. 5. Small FRP library for signal processing.

3.1 FRP Library
Figure 5 lists the type signatures of a small signal combinator library implemented in Rizzo. We

have already seen the implementation of some of the listed combinators, e.g. map and filter .
The zip combinator has the same type as sample, but unlike the latter, the signal produced by

zip as bs updates whenever as or bs updates, i.e. cl(tail (zip as bs)) = cl(tail as) ∪ cl(tail bs):

zip : Sig A → Sig B → Sig (A × B)
zip as bs = (head as, head bs) :: (cont ▷ sync (tail as) (tail bs))

where cont (Fst as′) = zip as′ bs
cont (Snd bs′) = zip as bs′

cont (Both as′ bs′) = zip as′ bs′

That is, at any time, the resulting signal has the current value (𝑎, 𝑏), where 𝑎 is the current value of

as and 𝑏 is the current value of bs.
The scan combinator is a generalisation of the map combinator where the produced output may

depend on the previous value of the output signal:

scan :: (B → A → B) → B → Sig A → Sig A
scan f b (a :: as) = let b′ = f b a in b′ :: (scan f b′ ▷ as)

Figure 5 lists two variants of the switch combinator: switchS generalises switch by allowing the

new signal to depend on the last value of the old signal, i.e. switchS xs ys first behaves like xs but
as soon as ys arrives in the form of a function f :A → Sig A it behaves like f x where x is the value

of xs at that time:

switchS :: Sig A → ∃⃝ (A → Sig A) → Sig A
switchS (x :: xs) d = x :: (cont ▷ sync xs d)
where cont (Fst xs′) = switchS xs′ d

cont (Snd f ) = f x
cont (Both f ) = f x

In turn, switchR generalises this further by allowing the switching to happen multiple times, namely

each time the second argument produces such a function f : A → Sig A:

switchR :: Sig A → ∃⃝ (Sig (A → Sig A)) → Sig A
switchR (x :: xs) d = x :: (cont ▷ sync xs d)

where cont (Fst xs′) = switchR xs′ d
cont (Snd (f :: d′)) = switchR (f x) d′
cont (Both (f :: d′)) = switchR (f x) d′
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data Button = Button (Sig String) (Sig Colour) (Chan 1)
data TextField = TextField (Sig String) (Sig Colour) (Chan String)
data Widget = Btn Button | TF TextField | Dyn (Sig Widget)

| NextTo Widget Widget | Above Widget Widget | Empty

simpleButton : String → Button
simpleButton txt = Button (const txt) (const Black) chan
onClick : Button → ∃⃝ (Sig 1)
onClick (Button k) = mkSig (wait k)
simpleTF : String → Sig TextField
simpleTF txt = let k = chan

in TextField (txt ::mkSig (wait k)) (const Black) k

Fig. 6. Simple GUI library.

3.2 GUI Application
Figure 6 implements the interface for a very simple GUI library. It defines aWidget type to represent
the hierarchical structure of a GUI consisting of two basic widget types – buttons and text fields –

as well as building blocks to place widgets next to each other horizontally (NextTo) or vertically
(Above). A widget may also be Empty if we don’t wish to display anything, and it can be made

dynamic (Dyn), which means that it is described by a signal and thus may change over time.

The parameters of widgets are described using signals, so that these may change over time. In

addition, widgets may produce events, e.g. when a button is pressed or the user types text into a

text field. Such events and their accompanying data are sent on channels. To this end, a button has

a signal of type Chan 1, so that when the button is pressed the button’s channel receives a unit

value; and the text field has a channel of type Chan String, so that when the text field’s contents

change we receive the new content on that channel.

For example, we may construct a button that changes its colour from black to red when pressed:

colourButton : Button
colourButton = let k = chan

in Button (const "click me") (Black :: (𝜆 .const Red) ▷ wait k) k

Figure 6 also shows some helper functions to construct simple widgets: a simple button with a

constant text and a fixed colour; and a simple text field that simply displays exactly the text that

the user has typed. Let’s use these simple building blocks to implement a small GUI with an ‘Add’

button, which allows the user to add an extra text field to the GUI with each press of the button:

btn : Button
btn = simpleButton "Add"

updateFun : A → Widget → Sig Widget
updateFun w = const (Above w (simpleTF ""))
update : ∃⃝ (Widget → Sig Widget)
update = updateFun ▷ onClick btn

fields : Sig Widget
fields = switchR (const Empty) update
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gui :Widget
gui = Above (Btn btn) (Dyn fields)

The GUI’s behaviour is completely described by gui of typeWidget. It describes the tree-structured
hierarchy of widgets that are supposed to be rendered and presented to the user. In turn, the user’s

interaction with the GUI produces values sent on the channels associated with individual widgets.

This causes signals, such as fields :: Sig Widget to be updated thus changing the GUI dynamically.

Note that the Widget type allows arbitrary nesting of signals via the Dyn constructor. Let’s put

this flexibility to use by changing the definition of the updateFun function above so that in addition

to a text field, it also adds a ‘Remove’ button. In turn, that ‘Remove’ button allows the user to

reverse the addition of the text field and the ‘Remove’ button.

updateFun : A → Widget → Sig Widget
updateFun w = const (Above w (Dyn (field :: ((𝜆 .const Empty) ▷ onClick remove))))
where remove = simpleButton "Remove"

field = NextTo (TF (simpleTF "")) (Btn remove)

The function adds a text field and a ‘Remove’ button, which is described by field. But as soon as the

‘Remove’ button is clicked, field is replaced by the empty widget Empty.

4 Operational Semantics and Operational Properties
The purpose of this section is to give a precise account of the operational guarantees provided

by Rizzo. To this end, we first give a formal definition of the operational semantics of Rizzo and
then state the operational guarantees in terms of this formal operational semantics. In turn, the

operational semantics is presented in two major parts: The first part, which we call the evaluation
semantics, describes the computational behaviour of a Rizzo term at a particular point in time.

Simply put, the evaluation semantics describes how terms are evaluated to values. The second part,

called the reactive semantics, describes the computational behaviour of a Rizzo program over time.

That is, it describes how a program reacts to each input that is received on a channel.

4.1 Evaluation Semantics
The complete definition of the evaluation semantics is given in Figure 7. The evaluation semantics,

denoted ⟨𝑡 ; 𝜀⟩ ⇓ ⟨𝑣 ; 𝜀′⟩, describes how a given term 𝑡 evaluates in the context of an environment

𝜀 to a value 𝑣 and a new environment 𝜀′. The environment 𝜀 stores signals, so that they can be

updated later on, and keeps track of what channels are available.

More precisely, an environment is of the form 𝜎 /Δ, consisting of a store 𝜎 and an (external)
channel context Δ. The latter we have already seen as part of the typing judgement Γ ⊢Δ 𝑡 : 𝐴, i.e. a

channel context Δ is a set consisting of elements of the form 𝜅 : Chan𝐴, where 𝜅 is a channel and

𝐴 is a closed type. Channel contexts keep track of the channels that can be in use. A store 𝜎 is of

the form 𝜂𝑁✓𝜂𝐸 consisting of a ‘now’ heap 𝜂𝑁 and an ‘earlier’ heap 𝜂𝐸 . Heaps – such as the ‘now’

and ‘earlier’ heap – are sequences of location assignments of the form 𝑙 : Sig𝐴 ↦→ 𝑣 ⟨𝑈 ⟩𝑤 , each of

which maps a heap location 𝑙 of type Sig A to a stored signal 𝑣 ⟨𝑈 ⟩𝑤 consisting of a current value

𝑣 of type 𝐴 and a future value𝑤 of type ∃⃝(Sig𝐴). Moreover, the stored signal contains a flag𝑈

indicating whether the signal has been updated in the current time step. This flag𝑈 has no bearing

on the evaluation semantics, but it is important for the reactive semantics discussed in section 4.3.

Intuitively speaking, signals stored in the ‘now’ heap 𝜂𝑁 are up-to-date, whereas signals in

the ‘earlier’ heap 𝜂𝐸 are stale and need updating before they can be dereferenced. The evaluation

semantic maintains the invariant that, for each store 𝜂𝑁✓𝜂𝐸 , we have dom (𝜂𝑁 ) ∩ dom (𝜂𝐸) = ∅,
i.e. for each heap location 𝑙 , there is at most one mapping for 𝑙 in 𝜂𝑁✓𝜂𝐸 . In order to allocate fresh
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Evaluation semantics ⟨𝑡 ; 𝜀⟩ ⇓ ⟨𝑣 ; 𝜀′⟩

⟨𝑣 ; 𝜀⟩ ⇓ ⟨𝑣 ; 𝜀⟩
⟨𝑡 ; 𝜀⟩ ⇓

〈
𝑣 ; 𝜀′

〉 〈
𝑡 ′; 𝜀′

〉
⇓
〈
𝑣 ′; 𝜀′′

〉〈(
𝑡, 𝑡 ′

)
; 𝜀
〉
⇓
〈(
𝑣, 𝑣 ′

)
; 𝜀′′

〉 ⟨𝑡 ; 𝜀⟩ ⇓
〈
(𝑣1, 𝑣2) ; 𝜀′

〉
𝑖 ∈ {1, 2}

⟨𝜋𝑖 𝑡 ; 𝜀⟩ ⇓
〈
𝑣𝑖 ; 𝜀

′〉
⟨𝑡 ; 𝜀⟩ ⇓

〈
𝑣 ; 𝜀′

〉
𝑖 ∈ {1, 2}

⟨in𝑖 𝑡 ; 𝜀⟩ ⇓
〈
in𝑖 𝑣 ; 𝜀′

〉 ⟨𝑡 ; 𝜀⟩ ⇓
〈
in𝑖 𝑣 ; 𝜀′

〉 〈
𝑡𝑖 [𝑣/𝑥]; 𝜀′

〉
⇓
〈
𝑣𝑖 ; 𝜀

′′〉 𝑖 ∈ {1, 2}
⟨case 𝑡 of in1 𝑥 .𝑡1; in2 𝑥 .𝑡2; 𝜀⟩ ⇓

〈
𝑣𝑖 ; 𝜀

′′〉
⟨𝑡 ; 𝜀⟩ ⇓

〈
𝜆𝑥.𝑠 ; 𝜀′

〉 〈
𝑡 ′; 𝜀′

〉
⇓
〈
𝑣 ; 𝜀′′

〉 〈
𝑠 [𝑣/𝑥]; 𝜀′′

〉
⇓
〈
𝑣 ′; 𝜀′′′

〉〈
𝑡 𝑡 ′; 𝜀

〉
⇓
〈
𝑣 ′; 𝜀′′′

〉 ⟨𝑡 ; 𝜀⟩ ⇓
〈
𝑣 ; 𝜀′

〉〈
cons𝜇𝛼.𝐴 𝑡 ; 𝜀

〉
⇓
〈
cons𝜇𝛼.𝐴 𝑣 ; 𝜀′

〉
⟨𝑡 ; 𝜀⟩ ⇓

〈
cons𝜇 𝛼.𝐴 𝑣 ; 𝜀′

〉 〈
fmap𝐴 (𝜆𝑦. (𝑦, rec (𝑥 .𝑠,𝑦))) 𝑣 ; 𝜀′

〉
⇓
〈
𝑤 ; 𝜀′′

〉 〈
𝑠 [𝑤/𝑥]; 𝜀′′

〉
⇓
〈
𝑢; 𝜀′′′

〉
⟨rec (𝑥 .𝑠, 𝑡); 𝜀⟩ ⇓

〈
𝑢; 𝜀′′′

〉
⟨𝑠; 𝜀⟩ ⇓

〈
delay 𝑠′; 𝜀′

〉 〈
𝑡 ; 𝜀′

〉
⇓
〈
delay 𝑡 ′; 𝜀′′

〉
⟨𝑠 � 𝑡 ; 𝜀⟩ ⇓

〈
delay (𝑠′ 𝑡 ′); 𝜀′

〉 ⟨𝑡 ; 𝜀⟩ ⇓
〈
𝑣 ; 𝜀′

〉 〈
𝑡 ′; 𝜀′

〉
⇓
〈
𝑣 ′; 𝜀′′

〉〈
𝑡 5 𝑡 ′; 𝜀

〉
⇓
〈
𝑣 5 𝑣 ′; 𝜀′′

〉
⟨𝑡 ; 𝜀⟩ ⇓

〈
𝜅; 𝜀′

〉
⟨wait 𝑡 ; 𝜀⟩ ⇓

〈
wait𝜅; 𝜀′

〉 ⟨𝑠; 𝜀⟩ ⇓
〈
𝑣 ; 𝜀′

〉 〈
𝑡 ; 𝜀′

〉
⇓
〈
𝑤 ; 𝜀′′

〉
⟨sync 𝑠 𝑡 ; 𝜀⟩ ⇓

〈
sync 𝑣 𝑤 ; 𝜀′′

〉 ⟨𝑡 ; 𝜀⟩ ⇓
〈
𝑣 ; 𝜀′

〉
⟨tail 𝑡 ; 𝜀⟩ ⇓

〈
tail 𝑣 ; 𝜀′

〉
⟨𝑡 ; 𝜀⟩ ⇓ ⟨𝑙 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ 𝜂𝑁 (𝑙) = 𝑣 ⟨𝑈 ⟩𝑤

⟨head 𝑡 ; 𝜀⟩ ⇓ ⟨𝑣 ;𝜂𝑁✓𝜂𝐸 /Δ⟩
𝜅 = alloc (Δ)

⟨chan𝐴;𝜂𝑁✓𝜂𝐸 /Δ⟩ ⇓ ⟨𝜅;𝜂𝑁✓𝜂𝐸 /Δ, 𝜅 : Chan𝐴⟩

⟨𝑠; 𝜀⟩ ⇓
〈
𝑣 ; 𝜀′

〉 〈
𝑡 ; 𝜀′

〉
⇓ ⟨𝑤 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ 𝑙 = alloc (𝜂𝑁✓𝜂𝐸 )

⟨𝑠 ::𝐴 𝑡 ; 𝜀⟩ ⇓ ⟨𝑙 ;𝜂𝑁 , 𝑙 : Sig𝐴 ↦→ 𝑣 ⟨⊥⟩𝑤✓𝜂𝐸 /Δ⟩
⟨𝑡 [delay (fix𝑥 .𝑡)/𝑥]; 𝜀⟩ ⇓

〈
𝑣 ; 𝜀′

〉
⟨fix𝑥 .𝑡 ; 𝜀⟩ ⇓

〈
𝑣 ; 𝜀′

〉
where fmap𝐹 : (𝐴 → 𝐵) → 𝐹 [𝐴/𝛼] → 𝐹 [𝐵/𝛼] is defined by recursion on the structure of 𝐹 as follows:

fmap𝛼 𝑓 𝑥 = 𝑓 𝑥

fmap𝐶 𝑓 𝑥 = 𝑥 if 𝐶 is of the form 1, ∃⃝𝐷, ∀⃝𝐷, 𝐷 → 𝐸, 𝜇𝛼.𝐷

fmap𝐹×𝐺 𝑓 𝑥 =
(
fmap𝐹 𝑓 (𝜋1 𝑥), fmap𝐺 𝑓 (𝜋2 𝑥)

)
fmap𝐹+𝐺 𝑓 𝑥 = case𝑥 of in1 𝑦.in1 (fmap𝐹 𝑓 𝑦); in2 𝑧.in2 (fmap𝐺 𝑓 𝑧)
fmapSig 𝐹 𝑓 𝑥 = map (fmap𝐹 𝑓 ) 𝑥

Fig. 7. Evaluation semantics.

channels and heap locations, we assume a function alloc (·) so that, for each channel context Δ,
alloc (Δ) produces a fresh 𝜅 ∉ Δ; and, for each store 𝜎 , alloc (𝜎) produces a fresh 𝑙 ∉ dom (𝜎).

The evaluation semantics of the lambda calculus fragment of Rizzo is the standard call-by-value

semantics and makes up the top half of the rules in Figure 7. This includes the semantics for product,

sum, function, and recursive types. The semantics of the primitive recursion combinator rec on
recursive types 𝜇𝛼.𝐹 is defined using a term fmap𝐹 defined for all open types 𝛼 ⊢ 𝐹 : type as shown
at the bottom of Figure 7.

In contrast to the lambda calculus fragment, delay has a call-by-name semantics as delay t is
considered a value. However, the corresponding applicative action � has a call-by-value semantics
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that evaluates its arguments to values of the form delay s′ and delay t′ in order to produce a value

delay (s′ t′).
The primitives that produce values in the ∃⃝modality – i.e.5,wait,watch, sync, and tail – behave

similarly to strict constructors of an algebraic data type: They eagerly evaluate their arguments to

values and produce values of the form v 5 w, wait 𝜅, watch l, sync v w, and tail l, respectively.
Values of type ∃⃝ A of this form are then later evaluated to values of type A by the advance semantics
of the reactive semantics presented in section 4.3. Note in particular that the evaluation semantics

does not evaluate tail l further by looking up the tail of 𝑙 stored in the ‘now’ heap. Instead, the

semantics relies on the fact that the advance semantics will evaluate tail l to l once the signal at 𝑙
itself has already been updated to its new value by the update semantics of the reactive semantics.

This ensures that the delayed computation stored in the tail of a signal is only performed once.

By contrast, head t does indeed look up the current value of the signal referred to by t and
returns it. The signal constructor :: simply evaluates its arguments and stores them as a stored signal

at a freshly allocated location on the ‘now’ heap; and chanA returns a freshly allocated channel of

type Chan A. Finally, fix has the standard guarded fixed point semantics: fix x .t evaluates t with x
replaced by delay (fix x .t). The latter is a value and thus does not evaluate further itself, which (in

concert with the type system) ensures termination.

4.2 Extended Type System and Type Preservation
As discussed in the previous section, the evaluation semantics creates fresh channels in the channel

context Δ and allocates new signals in the store 𝜎 . To give a precise account of the type preservation

property satisfied by Rizzo, we generalise the typing judgement Γ ⊢Δ 𝑡 : 𝐴 to an extended typing

judgement of the form Γ ⊢𝐻Δ 𝑡 : 𝐴 so that in addition to a typing context Γ and a channel context Δ,
it also has a heap context 𝐻 . The latter is a set of heap location typings of the form 𝑙 : Sig𝐴, each of

which indicates that there is a signal of type Sig𝐴 at heap location 𝑙 . All typing rules from Figure 3

carry over to the extended typing judgement with the heap contexts 𝐻 remaining unchanged (just

like Δ). For example, the typing rule for lambda abstractions is now:

Γ, 𝑥 : 𝐴 ⊢𝐻Δ 𝑡 : 𝐵

Γ ⊢𝐻Δ 𝜆𝑥 .𝑡 : 𝐴 → 𝐵

In addition, we have one new typing rule that simply considers heap locations from𝐻 as well-typed:

𝑙 : Sig𝐴 ∈ 𝐻

Γ ⊢𝐻Δ 𝑙 : Sig𝐴

This extended type system is only needed to formulate and to prove the operational properties of

Rizzo. Programs are still expected to be typed according to the “surface” type system from Figure 3.

However, this “surface” type system can be considered a special case of the extended type system

where 𝐻 is empty.

The evaluation semantics preserves typing with respect to the extended typing judgement. To

make this more precise, we define the heap context |𝜂 | of a heap 𝜂 as the set of heap locations and

their typing from 𝜂, i.e.

|·| = · |𝜂, 𝑙 : Sig𝐴 ↦→ 𝑢 ⟨𝑈 ⟩ 𝑣 | = |𝜂 | , 𝑙 : Sig𝐴

Given a well-typed term ⊢Δ 𝑡 : 𝐴 and an evaluation ⟨𝑡 ; ·✓·/Δ⟩ ⇓ ⟨𝑣 ;𝜂𝑁✓𝜂𝐸 /Δ′⟩ from an empty

store ·✓·, we have that ⊢ |𝜂𝑁 |
Δ′ 𝑣 : 𝐴. That is, 𝑣 may now contain references to the potentially larger

channel context Δ′
and the ‘now’ heap 𝜂𝑁 . This generalised typing judgement suffices to precisely

state the operational properties in section 4.6 below. But for the proof of these properties, we need
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Advance semantics ⟨𝑢; 𝜀⟩ u𝑖 ⟨𝑣 ; 𝜀′⟩

⟨𝑣 ; 𝜀⟩ u𝑖
〈
𝑣 ′; 𝜀′

〉 〈
𝑡 𝑣 ′; 𝜀′

〉
⇓
〈
𝑢; 𝜀′′

〉
⟨delay 𝑡 5 𝑣 ; 𝜀⟩ u𝑖

〈
𝑢; 𝜀′′

〉 𝜂𝑁 (𝑙) = in1 𝑣 ⟨⊤⟩𝑤
⟨watch 𝑙 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ u𝑖 ⟨𝑣 ;𝜂𝑁✓𝜂𝐸 /Δ⟩

⟨wait𝜅; 𝜀⟩ u𝜅 ↦→𝑤 ⟨𝑤 ; 𝜀⟩
⟨𝑣𝑖 ; 𝜀⟩ u𝜅 ↦→𝑤

〈
𝑢; 𝜀′

〉
ticked𝜅𝜀 (𝑣𝑖 ) ¬ticked𝜅𝜀 (𝑣3−𝑖 )

⟨sync 𝑣1 𝑣2; 𝜀⟩ u𝜅 ↦→𝑤
〈
in1 (in𝑖 𝑢); 𝜀′

〉

⟨tail 𝑙 ; 𝜀⟩ u𝑖 ⟨𝑙 ; 𝜀⟩

⟨𝑣1; 𝜀⟩ u𝜅 ↦→𝑤
〈
𝑢1; 𝜀

′〉 〈
𝑣2; 𝜀

′〉 u𝜅 ↦→𝑤
〈
𝑢2; 𝜀

′′〉
ticked𝜅𝜀 (𝑣1) ticked𝜅𝜀 (𝑣2)

⟨sync 𝑣1 𝑣2; 𝜀⟩ u𝜅 ↦→𝑤
〈
in2 (𝑢1, 𝑢2) ; 𝜀′′

〉
Update semantics ⟨𝜀⟩ 𝜅 ↦→𝑣

Z=⇒ ⟨𝜀′⟩

¬ticked𝜅𝜂𝑁 (𝑣2)

⟨𝜂𝑁✓𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨𝑈 ⟩ 𝑣2, 𝜂𝐸 /Δ⟩
𝜅 ↦→𝑣
Z=⇒ ⟨𝜂𝑁 , 𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨⊥⟩ 𝑣2✓𝜂𝐸 /Δ⟩

ticked𝜅𝜂𝑁 (𝑣2)
⟨𝑣2;𝜂𝑁✓𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨𝑈 ⟩ 𝑣2, 𝜂𝐸 /Δ⟩ u𝜅 ↦→𝑣

〈
𝑙 ′;𝜂′𝑁✓𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨𝑈 ⟩ 𝑣2, 𝜂𝐸 /Δ′〉 𝜂′𝑁 (𝑙 ′) = 𝑣 ′

1
⟨𝑉 ⟩ 𝑣 ′

2

⟨𝜂𝑁✓𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨𝑈 ⟩ 𝑣2, 𝜂𝐸 /Δ⟩
𝜅 ↦→𝑣
Z=⇒

〈
𝜂′𝑁 , 𝑙 : Sig𝐴 ↦→ 𝑣 ′

1
⟨⊤⟩ 𝑣 ′

2
✓𝜂𝐸 /Δ′〉

Step semantics

𝑖
=⇒

⟨·✓𝜂/Δ⟩
𝑖

Z=⇒∗ 〈
𝜂′✓·/Δ′〉

⟨𝑣 ;𝜂/Δ⟩ 𝑖
=⇒

〈
𝑣 ;𝜂′/Δ′〉 ⟨𝑡 ; ·✓·/Δ⟩ ⇓

〈
𝑣 ;𝜂✓·/Δ′〉

⟨𝑡 ;Δ⟩ init
=⇒

〈
𝑣 ;𝜂/Δ′〉

Ticked predicate ticked𝜅𝜂 (𝑣)

ticked𝜅𝜂 (never) ⇔ ⊥
ticked𝜅𝜂 (𝑣 5𝑤) ⇔ ticked𝜅𝜂 (𝑤)
ticked𝜅𝜂

(
wait𝜅′

)
⇔ 𝜅 = 𝜅′

ticked𝜅
𝜂𝑁 ✓𝜂𝐸/Δ (𝑣) ⇔ ticked𝜅

𝜂𝑁 ✓𝜂𝐸
(𝑣)

ticked𝜅𝜂 (watch 𝑙) ⇔ ∃𝑣,𝑤 .𝜂 (𝑙) = in1 𝑣 ⟨⊤⟩𝑤
ticked𝜅𝜂 (tail 𝑙) ⇔ ∃𝑣,𝑤 .𝜂 (𝑙) = 𝑣 ⟨⊤⟩𝑤

ticked𝜅𝜂 (sync 𝑣 𝑤) ⇔ ticked𝜅𝜂 (𝑣) ∨ ticked𝜅𝜂 (𝑤)
ticked𝜅

𝜂𝑁 ✓𝜂𝐸
(𝑣) ⇔ ticked𝜅𝜂𝑁 (𝑣)

Fig. 8. Reactive semantics.

a more general type preservation property that requires a typing judgement for heaps, which we

return to in section 5.2.

4.3 Reactive Semantics
The reactive semantics describes how a Rizzo program reacts to each input value 𝑤 : 𝐵 that is

received on a channel 𝜅 : Chan𝐵 ∈ Δ. The reactive semantics itself consists of three parts, which
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are defined in Figure 8: The advance semantics, denoted ⟨𝑢; 𝜀⟩ u𝜅 ↦→𝑤 ⟨𝑣 ; 𝜀′⟩, describes how a value

𝑢 of type ∃⃝𝐴 is advanced to a value 𝑣 of type 𝐴 given that the input on 𝜅 has caused the clock of 𝑢

to tick. The advance semantics is used by the update semantics, denoted ⟨𝜀⟩ 𝜅 ↦→𝑤
Z=⇒ ⟨𝜀′⟩, to update the

left-most signal in the ‘earlier’ heap of 𝜀, so that it can be moved to the ‘now’ heap. Finally, the step
semantics describes a complete computation step that is performed in reaction to an input𝑤 : 𝐵 on

𝜅 : Chan𝐵 ∈ Δ, denoted ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩, as well as the very first computation step that

initialises a program, denoted ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂/Δ′⟩.

We first look at the step semantics: Given a well-typed term ⊢Δ 𝑡 : 𝐴, the step semantics

initialises the program by evaluating 𝑡 in the context of Δ to a value 𝑣 using the evaluation

semantics from Figure 7. Evaluating 𝑡 may cause signals to be stored in the ‘now’ heap and

additional channels to be allocated, resulting in a heap 𝜂 and a new channel context Δ′
. Such a step

is denoted ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂/Δ′⟩.

After this initialisation, the state of a program is represented by a tuple ⟨𝑣 ;𝜂/Δ⟩ consisting of
a value 𝑣 , a heap 𝜂, and channel context Δ. Throughout the runtime of the program, 𝑣 will not

change, but 𝑣 may refer to signals stored in 𝜂 that are subject to change. The program may receive

an input 𝑤 : 𝐵 on any channel 𝜅 : Chan𝐵 in its current channel context Δ. Such input, denoted

𝜅 ↦→ 𝑤 , may cause some signals stored in 𝜂 to be updated. More precisely, for each stored signal

𝑙 : Sig𝐴 ↦→ 𝑣1 ⟨𝑈 ⟩ 𝑣2 in 𝜂, the clock of 𝑣2 may tick in reaction to the input 𝜅 ↦→ 𝑤 . In that case, the

signal at 𝑙 must be updated using the new value of type Sig A produced by 𝑣2 using the advance

semantics. Before updating all such stored signals in a systematic manner, the step semantics takes

the current heap 𝜂 and designates it as the ‘earlier’ heap. This means all signals in 𝜂 are now

considered stale and possibly need updating.

The update process is performed, one signal at a time, by the update semantics

𝜅 ↦→𝑤
Z=⇒ , which takes

the left-most signal from the ‘earlier’ heap and either moves it to the ‘now’ heap unchanged, if the

clock of the signal’s tail did not tick, or it performs an update and then moves the updated signal to

the ‘now’ heap, if the clock did tick. Whether the clock of a delayed computation 𝑣 has ticked is

indicated by the ticked𝜅𝜂 (𝑣) predicate defined in Figure 8. This predicate checks whether an input

on the channel 𝜅 causes the clock of the delayed computation 𝑣 : ∃⃝𝐴 to tick. Since 𝑣 may contain

references to a heap 𝜂, it is included in the predicate as well.

We can relate the ticked𝜅𝜂 (·) predicate with the notion of clocks that was introduced informally

in section 2.1. To this end, we define the clock cl𝜂 (𝑣) of a delayed computation 𝑣 more precisely:

cl𝜂 (never) = ∅
cl𝜂 (watch 𝑙) = {𝑙}
cl𝜂 (𝑣 5𝑤) = cl𝜂 (𝑤)

cl𝜂 (wait𝜅) = {𝜅}
cl𝜂 (sync 𝑣 𝑤) = cl𝜂 (𝑣) ∪ cl𝜂 (𝑤)

cl𝜂 (tail 𝑙) = cl𝜂1 (𝑤) if 𝜂 = 𝜂1, 𝑙 : Sig𝐴 ↦→ 𝑣 ⟨𝑈 ⟩𝑤,𝜂2

During the execution of a reactive step ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩, the semantics maintains the

following invariant for any environment 𝜂𝑁✓𝜂𝐸 /Δ′′
throughout the update process:

ticked𝜅𝜂𝑁 (𝑢) iff 𝜅 ∈ cl𝜂 (𝑢) or there is some 𝑙 ∈ cl𝜂 (𝑢) such that 𝜂𝑁 (𝑙) = in1 𝑣1 ⟨⊤⟩ 𝑣2.
That is, the clock of a delayed computation 𝑢 ticks in response to an input on channel 𝜅 (and

therefore can be advanced) iff the clock contains 𝜅, or the clock contains a partial signal 𝑙 , which

has produced a fresh value during this reactive step. Note that the relevant clock cl𝜂 (𝑢) is with
respect to the heap 𝜂, i.e. the heap from before the start of the reactive step.
Whenever the clock cl(𝑣2) of a stored signal 𝑣1 ⟨𝑈 ⟩ 𝑣2 ticks, the tail 𝑣2 is advanced using the

advance semantics to produce a new signal. The advance semantics takes a delayed computation

𝑢 : ∃⃝𝐴 that has ticked, i.e. ticked𝜅𝜂𝑁 (𝑢), and performs the delayed computation to obtain a value 𝑣
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of type 𝐴, denoted ⟨𝑢;𝜂𝑁✓𝜂𝐸 /Δ⟩ u𝜅 ↦→𝑤
〈
𝑣 ;𝜂′

𝑁
✓𝜂𝐸 /Δ′〉

. Similarly to the evaluation semantics,

the advance semantics may allocate new signals on the ‘now’ heap and create fresh channels, but

it leaves the ‘earlier’ heap unchanged. In the cases for u = watch l and u = wait 𝜅, the advance
semantics can simply look up the desired values in 𝜂𝑁 and 𝜅 ↦→ 𝑤 , respectively, because we know

that ticked𝜅𝜂𝑁 (𝑢). In the case of u = sync v1 v2, the advance semantics consults the ticked𝜅𝜂𝑁 (·)
predicate to decide which of the two delayed computations to advance. Since ticked𝜅𝜂𝑁 (𝑣), we
know that at least one of the two has ticked. In the case of u = delay t 5 v, the advanced semantics

performs the delayed computation 𝑣 to obtain a value 𝑣 ′ and then evaluates the function application

t v′. Finally, in the case of u = tail l, the advance semantics simply produces l, because it can rely

on the fact that 𝑙 points into the ‘now’ heap, which the update semantics has already updated.

4.4 Practical Considerations
While the operational semantics provides a precise account of the operational behaviour of Rizzo
and thus allows us to give formal statements of the operational guarantees provided by the type

system, it does not try to give an optimal implementation strategy. As is common practice, the

semantics is meant for ease of reasoning and therefore uses substitutions and gives no explicit

memory representation for values of recursive types. In addition to these standard practices, also the

semantics of signals is not optimised for an efficient implementation but rather ease of reasoning. In

this section we go over these aspects of the semantics and suggest how they may be implemented

in practice.

The operational semantics has two separate heaps to store signals. In a practical implementation,

we would instead have a single global heap for ‘now’ signals, ‘earlier’ signals, and any other data

types that need heap allocation such as product, sum and recursive types. The ‘now’ and ‘earlier’

heaps are jointly represented by a single linked list, which contains pointers into the global heap

rather than storing signals directly. The linked list structure provides the necessary ordering of

signals that is required for the update semantics. In addition, such an implementation must have a

pointer into the linked list that represents the ✓ divider between the ‘now’ and ‘earlier’ heap. This

pointer into the linked list provides a cursor for the update semantics and can be moved efficiently.

The operational semantics never deallocates signals in the store. In a practical implementation,

we have some garbage collection strategy for the global heap that deallocates unused data on

the heap – including stored signals. Garbage collection is particularly important for Rizzo since
unused signals stored on the heap do not only take up space. Since each stored signal is checked

by the update semantics and updated if necessary, such unused signals also take up time! It is
thus important that garbage collection happens in a timely fashion so that as few ‘dead’ signals as

possible are updated. That makes automatic reference counting an ideal garbage collection strategy

for Rizzo: It frees unused memory immediately, and thus no unused signals are ever updated.

Moreover, since the type system rules out circularity (cf. Theorem 4.1 in section 4.6), programs

cannot produce circular reference chains that automatic reference counting would not be able to

garbage collect. Automatic reference counting is found for example in the Swift programming

language and has seen renewed interest in efficient implementations of functional programming

languages [Lorenzen and Leijen 2022; Reinking et al. 2021; Ullrich and de Moura 2021].

Finally, there are further small optimisations that a practical implementation could perform in

order to reduce the number of allocations of stored signals: When the update semantics updates a

signal at location 𝑙 , it advances the tail of that signal. This will produce a new signal at 𝑙 ′, whose
data is copied into 𝑙 . An efficient implementation can avoid the additional allocation of 𝑙 ′ and the

subsequent copying by simply writing the new signal directly into 𝑙 to begin with, because we can

rule out that the process of advancing the tail of 𝑙 will itself read from 𝑙 .
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4.5 Examples
To illustrate the workings of the operational semantics, we show the execution of the step semantics

for two small example programs.

Sample. We begin with a term t that involves the sample combinator, and we assume a channel

context Δ = {𝜅1 : Chan Nat, 𝜅2 : Chan Char}:
𝑡 = let xs = 0 ::mkSig (wait 𝜅1) in let ys = ’a’ ::mkSig (wait 𝜅2) in sample xs ys

This program first constructs two signals xs and ys from the two channels 𝜅1 and 𝜅2 and then

samples from ys using xs. Before we run 𝑡 , we translate the definition of mkSig and sample (given
in section 2.2) from the surface syntax into the core calculus, similarly to how we translated map
at the end of section 2.3:

sample = 𝜆xs.𝜆ys.map (𝜆x .(x, head ys)) xs
mkSig = fix r .𝜆d .delay (𝜆r′ .𝜆x .x :: r′ d) � r 5 d

Assuming two signals stored at 𝑙1 and 𝑙2, the term sample l1 l2 evaluates to a signal with head

(𝑣1, 𝑣2), where each 𝑣𝑖 is the head of 𝑙𝑖 , and the following tail sp:

sp = delay ((𝜆r′ .r′ (𝜆x .(x, head l2))) map) 5 tail l1

Since cl(sp) = cl(tail l1), we know that the signal produced by sample updates whenever the signal
at 𝑙1 updates.

In turn, assuming a value d : ∃⃝ A, the term mkSig d evaluates to the following value sig[𝑑]:
sig[𝑑] = delay ((𝜆r′ .𝜆x .x :: r′ d) mkSig) 5 d

The notation sig[𝑑] is meant to indicate that 𝑑 is a placeholder. For example, mkSig (wait 𝜅1)
evaluates to sig[wait 𝜅1] = delay ((𝜆r′ x .x :: r′ (wait 𝜅1)) mkSig) 5 wait 𝜅1.

Note that, according to the evaluation semantics for �, the function application that appears as

an argument to delay in both sp and sig[𝑑] does not reduce any further. However, we can 𝛽-reduce

both and obtain semantically equivalent terms that are easier to read:

sp ≡ delay (map (𝜆x .(x, head l2))) 5 tail l1
sig[𝑑] ≡ delay (𝜆x .x ::mkSig d) 5 d

With these observations, we can now see how t reacts to alternating inputs received from the

two channels in Δ. To avoid clutter, we elide heap locations that are not referenced anywhere and

also leave out the type annotations of all heap locations:

⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑙3; 𝑙1 ↦→ 0 ⟨⊥⟩ sig[wait 𝜅1] , 𝑙2 ↦→ ’a’ ⟨⊥⟩ sig[wait 𝜅2] , 𝑙3 ↦→ (0, ’a’) ⟨⊥⟩ sp/Δ⟩
𝜅1 ↦→1

=⇒ ⟨𝑙3; 𝑙1 ↦→ 1 ⟨⊤⟩ sig[wait 𝜅1] , 𝑙2 ↦→ ’a’ ⟨⊥⟩ sig[wait 𝜅2] , 𝑙3 ↦→ (1, ’a’) ⟨⊤⟩ sp/Δ⟩
𝜅2 ↦→’b’
=⇒ ⟨𝑙3; 𝑙1 ↦→ 1 ⟨⊥⟩ sig[wait 𝜅1] , 𝑙2 ↦→ ’b’ ⟨⊤⟩ sig[wait 𝜅2] , 𝑙3 ↦→ (1, ’a’) ⟨⊥⟩ sp/Δ⟩

𝜅1 ↦→’2’
=⇒ ⟨𝑙3; 𝑙1 ↦→ 2 ⟨⊤⟩ sig[wait 𝜅1] , 𝑙2 ↦→ ’b’ ⟨⊥⟩ sig[wait 𝜅2] , 𝑙3 ↦→ (2, ’b’) ⟨⊤⟩ sp/Δ⟩

The initialisation step allocates three signals on the heap. Each of the first two, at 𝑙1 and 𝑙2, update

whenever the corresponding channel 𝑘𝑖 receives an input since cl(tail li) = cl(sig[wait 𝜅𝑖 ]) =

cl(wait 𝜅𝑖 ) = {𝜅𝑖 }. The signal at 𝑙3, however, only updates whenever 𝜅1 receives an input since

cl(tail l3) = cl(sp) = cl(tail li) = {𝜅1}.
Note that, as mentioned above, we have elided heap locations that are not referenced anywhere.

For example, after the first reactive step

𝜅1 ↦→1

=⇒ , the semantics also allocates a heap location 𝑙4 with
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the same value as 𝑙1 and inserts it just to the left of 𝑙1. Similarly, the semantics allocates a location

𝑙5 just to the left of 𝑙3 with the same value as 𝑙3. In a practical implementation, these intermediate

heap locations can be garbage collected or avoided altogether as described in section 4.4.

Filter. Next we consider the following example involving filter , a function isEven : Nat → Bool
that checks whether a number is even, and a channel context Δ = {𝜅1 : Chan Nat}:

𝑡 = let xs = mkSig (wait 𝜅1) in 0 :: filter isEven xs

That is, 𝑡 constructs a delayed signal from 𝜅1 and then filters that signal using the isEven predicate.

To construct its result, filter takes isEven and constructs a new function p:

𝑝 = 𝜆x .if isEven x then Just x else Nothing

Assuming the channel 𝜅1 receives increasing numbers, 𝑡 produces the following behaviour:

⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑙2; 𝑙1 ↦→ Nothing ⟨⊥⟩ delay (map p) 5 sig[wait 𝜅1] , 𝑙2 ↦→ 0 ⟨⊥⟩ sig[watch l1]/Δ⟩
𝜅1 ↦→1

=⇒ ⟨𝑙2;𝑙3 ↦→ 1 ⟨⊤⟩ sig[wait 𝜅1] , 𝑙1 ↦→ Nothing ⟨⊤⟩ delay ((𝜆r′ .r′ p) map) 5 tail l3,

𝑙2 ↦→ 0 ⟨⊥⟩ sig[watch l1]/Δ⟩
𝜅1 ↦→2

=⇒ ⟨𝑙2;𝑙3 ↦→ 2 ⟨⊤⟩ sig[wait 𝜅1] , 𝑙1 ↦→ Just 2 ⟨⊤⟩ delay ((𝜆r′ .r′ p) map) 5 tail l3,

𝑙2 ↦→ 2 ⟨⊤⟩ sig[watch l1]/Δ⟩
The initialisation step allocates two signals. The signal of type Sig (Maybe Int) constructed by

filter xs usingNothing :: (map p▷xs) is stored at 𝑙1. The signal of type Sig Int stored at 𝑙2 is the result
of evaluating 0 :: mkSig (watch l1). When the first input on 𝜅1 arrives, signal 𝑙1 needs updating

since cl(tail l1) = cl(sig[wait 𝜅1]) = cl(wait 𝜅1) = {𝜅1}. This requires the delayed computation

sig[wait 𝜅1] to be advanced by the advance semantics, which in turn results in the allocation of

the signal at 𝑙3. However, the signal at 𝑙2 is not updated since cl(tail l2) = cl(sig[watch l1]) =

cl(watch l1) = {𝑙1}, and while the signal at 𝑙1 was updated (indicated by ⊤), its current value is not
of the form Just v. Only after receiving the next input on channel 𝜅1, the signal at 𝑙1 is updated to

have current value Just 2 and thus also 𝑙2 is updated.

4.6 Main Metatheoretical Results
Using the operational semantics, we can now give a precise account of the operational guarantees

that Rizzo’s type system provides, namely productivity, absence of space leaks, and causality.

4.6.1 Productivity. We start by defining what a well-typed execution of a Rizzo program looks

like: A well-formed reactive step is a step

⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩

in the step semantics with 𝜅 : Chan𝐴 ∈ Δ and ⊢Δ 𝑤 : 𝐴. In turn, a well-formed reactive execution
sequence is a sequence of the form

⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂0/Δ0⟩

𝜅0 ↦→𝑤0

=⇒ ⟨𝑣 ;𝜂1/Δ1⟩
𝜅1 ↦→𝑤1

=⇒ . . .
𝜅𝑛−1 ↦→𝑤𝑛−1

=⇒ ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩ (1)

so that 𝑛 ≥ 0 and each step ⟨𝜂𝑖 /Δ𝑖⟩
𝜅𝑖 ↦→𝑤𝑖

=⇒ ⟨𝜂𝑖+1/Δ𝑖+1⟩ is well-formed for 0 ≤ 𝑖 < 𝑛.

Theorem 4.1 (productivity). Let ⊢Δ 𝑡 : 𝐴 be a well-typed term.

(i) There is a step ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂0/Δ0⟩.

(ii) Given awell-formed reactive execution sequence of the form (1), a channel𝜅𝑛 : Chan B ∈ Δ𝑛 ,

and value ⊢Δ𝑛
𝑤𝑛 : 𝐵, there is a well-formed reactive step ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩

𝜅𝑛 ↦→𝑤𝑛

=⇒ ⟨𝑣 ;𝜂𝑛+1/Δ𝑛+1⟩.
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That means, given a well-typed term ⊢Δ 𝑡 : 𝐴 and an infinite sequence of well-typed inputs

(⊢Δ𝑖
𝑤𝑖 : 𝐴𝑖 )𝑖∈N on appropriate channels 𝜅𝑖 : Chan Ai ∈ Δ𝑖 for each 𝑖 , we obtain an infinite reactive

execution sequence

⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂0/Δ0⟩

𝜅0 ↦→𝑤0

=⇒ ⟨𝑣 ;𝜂1/Δ1⟩
𝜅1 ↦→𝑤1

=⇒ . . . (2)

Moreover, the output produced by this reactive execution sequence, namely the value 𝑣 along

with any signals it may refer to in the heap is well-typed:

Theorem 4.2 (type preservation). Given a well-typed term ⊢Δ 𝑡 : 𝐴 and an infinite well-formed

reactive execution sequence of the form (2), we have ⊢𝜂𝑖Δ𝑖
𝑣 : 𝐴 for all 𝑖 ≥ 0.

The judgement ⊢𝜂𝑖Δ𝑖
𝑣 : 𝐴 means that 𝑣 is well-typed, i.e. ⊢ |𝜂𝑖 |Δ𝑖

𝑣 : 𝐴, and that 𝜂𝑖 is well-typed. We

will define the latter more precisely in Figure 9 in section 5.

4.6.2 Causality. A Rizzo term ⊢Δ 𝑡 : 𝐴 is called causal if, for any infinite well-formed reactive

execution sequence of the form (2), each state ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩ in the sequence only depends on the

initial Δ and the inputs 𝜅𝑖 ↦→ 𝑤𝑖 for all 𝑖 < 𝑛.

This causality property follows from the fact that the operational semantics is deterministic in

each of its components, in particular the step semantics:

Lemma 4.3 (determinism).

(i) If ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣1;𝜂1/Δ1⟩ and ⟨𝑡 ;Δ⟩ init

=⇒ ⟨𝑣2;𝜂2/Δ2⟩, then ⟨𝑣1;𝜂1/Δ1⟩ = ⟨𝑣2;𝜂2/Δ2⟩.
(ii) If ⟨𝑡 ;𝜂/Δ⟩ 𝜅 ↦→𝑤

=⇒ ⟨𝑣1;𝜂1/Δ1⟩ and ⟨𝑡 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣2;𝜂2/Δ2⟩, then ⟨𝑣1;𝜂1/Δ1⟩ = ⟨𝑣2;𝜂2/Δ2⟩.

The causality property is then a straightforward consequence of the above determinism property:

Theorem 4.4 (causality). Suppose the infinite well-formed reactive execution sequences (2) and

⟨𝑡 ;Δ⟩ init
=⇒

〈
𝑣 ′;𝜂′

0
/Δ′

0

〉 𝜅0 ↦→𝑤0

=⇒
〈
𝑣 ′;𝜂′

1
/Δ′

1

〉 𝜅1 ↦→𝑤1

=⇒ . . .

Let 𝑛 ∈ N and suppose 𝜅𝑖 = 𝜅′𝑖 and𝑤𝑖 = 𝑤 ′
𝑖 for all 𝑖 < 𝑛. Then ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩ =

〈
𝑣 ′;𝜂′𝑛/Δ′

𝑛

〉
.

4.6.3 No Space Leaks. Finally, the absence of space leaks is a direct consequence of the productivity
property (Theorem 4.1): The operational semantics is by definition free of space leaks since after each

step ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩ of the reactive step semantics, all old signals have been overwritten

with their new value. Hence, the program cannot retain old input data. Theorem 4.1 shows that

this in-place update semantics is safe, and that the program never tries to dereference old data. The

old data is kept in the ‘earlier’ heap and any attempt of the program to dereference a signal from

that heap would result in a stuck execution, which Theorem 4.1 rules out.

5 Metatheory
In this section, we give an overview of how we have proved the main results presented in section 4.6.

The complete formalisation of these proofs in Lean can be found in the supplementary material

to this paper [Bahr 2025]. The three main theorems we prove are Theorem 4.1 (productivity),

Theorem 4.2 (type preservation), and Theorem 4.4 (causality), while the absence of space leaks

follows by definition of the operational semantics and Theorem 4.1.

5.1 Causality
As mentioned in section 4.6.2, causality follows by a straightforward argument from the fact that

the operational semantics is deterministic (Lemma 4.3):
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⊢Δ · : now
⊢Δ 𝜂 : now ⊢ |𝜂 |Δ 𝑢 : 𝐴 ⊢ |𝜂 |Δ 𝑣 : ∃⃝(Sig𝐴)

⊢Δ 𝜂, 𝑙 : Sig𝐴 ↦→ 𝑢 ⟨𝑈 ⟩ 𝑣 : now

𝐻 ⊢Δ · : earlier
𝐻, 𝑙 : Sig𝐴 ⊢Δ 𝜂 : earlier ⊢𝐻Δ 𝑢 : 𝐴 ⊢𝐻Δ 𝑣 : ∃⃝(Sig𝐴)

𝐻 ⊢Δ 𝑙 : Sig𝐴 ↦→ 𝑢 ⟨𝑈 ⟩ 𝑣, 𝜂 : earlier

⊢ |𝜂 |Δ 𝑡 : 𝐴 ⊢Δ 𝜂 : now

⊢𝜂Δ 𝑡 : 𝐴

⊢Δ 𝜂𝑁 : now |𝜂𝑁 | ⊢Δ 𝜂𝐸 : earlier

⊢ 𝜂𝑁✓𝜂𝐸 /Δ : Env

Fig. 9. Well-typed heaps.

Proof of Theorem 4.4 (causality). We proceed by induction on 𝑛. If 𝑛 = 0, then ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩ =〈
𝑣 ′;𝜂′𝑛/Δ′

𝑛

〉
follows by Lemma 4.3 (i). If 𝑛 = 𝑚 + 1, then by induction hypothesis ⟨𝑣 ;𝜂𝑚/Δ𝑚⟩ =〈

𝑣 ′;𝜂′𝑚/Δ′
𝑚

〉
and thus by Lemma 4.3 (ii) ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩ =

〈
𝑣 ′;𝜂′𝑛/Δ′

𝑛

〉
. □

In turn, Lemma 4.3 is proved by showing that all parts of the operational semantics (evalua-

tion, advance, update, and step semantics) are deterministic using a straightforward argument by

structural induction on the rules of the operational semantics.

5.2 Productivity & Type Preservation
Theorem 4.1 (productivity) and Theorem 4.2 (type preservation) are a consequence of two standard

properties [Wright and Felleisen 1994]: progress, i.e. given awell-typed starting point, the operational
semantics produces a result, and preservation, i.e. the produced result is itself well-typed again.

However, instead of a syntactic proof, we use a logical relations argument to prove the progress

property.

In order to make the progress and preservation properties precise, we need to define what we

mean by ‘well-typed’. For terms, ‘well-typed’ means the extended typing judgement Γ ⊢𝐻Δ 𝑡 : 𝐴

introduced in section 4.2, which takes into consideration a heap context 𝐻 . In addition, we also

need typing judgements ⊢Δ 𝜂 : now and 𝐻 ⊢Δ 𝜂 : earlier for ‘now’ and ‘earlier’ heaps, respectively.

Both typing judgements are defined in Figure 9 along with the two shorthands ⊢𝜂Δ 𝑡 : 𝐴 and

⊢ 𝜂𝑁✓𝜂𝐸 /Δ : Env. The former states that both 𝑡 and 𝜂 are well-typed, and the latter states that

both 𝜂𝑁 and 𝜂𝐸 are well-typed. With these notions of well-typing in place, we can now formally

describe the type preservation properties:

Proposition 5.1 (type preservation).

(i) If ⊢𝜂𝑁Δ 𝑡 : 𝐴 and ⟨𝑡 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ ⇓
〈
𝑣 ;𝜂′

𝑁
✓𝜂′

𝐸
/Δ′〉, then ⊢𝜂

′
𝑁

Δ′ 𝑣 : 𝐴.
(ii) If ⊢𝜂𝑁Δ 𝑢 : ∃⃝𝐴, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵 and ⟨𝑡 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ u𝜅 ↦→𝑤

〈
𝑣 ;𝜂′

𝑁
✓𝜂′

𝐸
/Δ′〉, then

⊢𝜂
′
𝑁

Δ′ 𝑣 : 𝐴.

(iii) If ⊢ 𝜎/Δ : Env, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵, and ⟨𝜎/Δ⟩ 𝜅 ↦→𝑤
Z=⇒ ⟨𝜎 ′/Δ′⟩, then ⊢ 𝜎 ′/Δ′

: Env.

(iv) If ⊢Δ 𝑡 : 𝐴 and ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂/Δ′⟩, then ⊢𝜂Δ′ 𝑣 : 𝐴.

(v) If ⊢Δ 𝜂 : now, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵, and ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩, then ⊢Δ′ 𝜂′ : now.

All five type preservation properties can be proved by structural induction on the definition of

the operational semantics. To obtain Theorem 4.2 (type preservation) from the above proposition,

we need two additional properties, the first of which is the weakening of the term typing judgement:
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Lemma 5.2 (weakening). If Γ ⊢𝐻Δ 𝑡 : 𝐴, 𝐻 ⊆ 𝐻 ′, and Δ ⊆ Δ′, then Γ ⊢𝐻 ′
Δ′ 𝑡 : 𝐴.

This follows by a straightforward induction on the derivation of Γ ⊢𝐻Δ 𝑡 : 𝐴.

The second property we need is that the reactive step semantics grows the heap and channel

contexts:

Lemma 5.3. If ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩, then |𝜂 | ⊆ |𝜂′ | and Δ ⊆ Δ′.

This Lemma follows by an induction on the derivation of ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩.

Proof of Theorem 4.2 (type preservation). We prove ⊢𝜂𝑖Δ𝑖
𝑣 : 𝐴 by induction on 𝑖 . If 𝑖 = 0,

then ⊢𝜂0Δ0

𝑣 : 𝐴 follows by Proposition 5.1 (iv). If 𝑖 = 𝑗 + 1, then we have ⊢𝜂 𝑗

Δ𝑗
𝑣 : 𝐴 by induction

hypothesis, which means ⊢|𝜂 𝑗 |
Δ𝑗

𝑣 : 𝐴 and ⊢Δ𝑗
𝜂 𝑗 : now. By Lemma 5.3, we have

��𝜂 𝑗

�� ⊆ |𝜂𝑖 | and
Δ 𝑗 ⊆ Δ𝑖 . Thus ⊢ |𝜂𝑖 |Δ𝑖

𝑣 : 𝐴 follows by Lemma 5.2, and ⊢Δ𝑖
𝜂𝑖 : now follows by Proposition 5.1 (v). □

For each preservation property in Proposition 5.1, we have a corresponding progress property,

which states that the computation step in the preservation property always exists:

Proposition 5.4 (progress).
(i) If ⊢𝜂𝑁Δ 𝑡 : 𝐴, then there are 𝑣, 𝜂′

𝑁
, 𝜂′

𝐸
,Δ′ with ⟨𝑡 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ ⇓

〈
𝑣 ;𝜂′

𝑁
✓𝜂′

𝐸
/Δ′〉.

(ii) If ⊢𝜂𝑁Δ 𝑢 : ∃⃝𝐴, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵, and ticked𝜅𝜂𝑁 (𝑢), then there are 𝑣, 𝜂′
𝑁
, 𝜂′

𝐸
,Δ′ with

⟨𝑡 ;𝜂𝑁✓𝜂𝐸 /Δ⟩ u𝜅 ↦→𝑤
〈
𝑣 ;𝜂′

𝑁
✓𝜂′

𝐸
/Δ′〉.

(iii) If ⊢ 𝜂𝑁✓𝜂𝐸 /Δ : Env, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵, and 𝜂𝐸 non-empty, then there are 𝜎 ′,Δ′ with
⟨𝜂𝑁✓𝜂𝐸 /Δ⟩

𝜅 ↦→𝑤
Z=⇒ ⟨𝜎 ′/Δ′⟩.

(iv) If ⊢Δ 𝑡 : 𝐴, then there are 𝑣, 𝜂,Δ′ with ⟨𝑡 ;Δ⟩ init
=⇒ ⟨𝑣 ;𝜂/Δ′⟩.

(v) If ⊢Δ 𝜂 : now, 𝜅 : Chan𝐵 ∈ Δ, ⊢Δ 𝑤 : 𝐵, then there are 𝜂′,Δ′ with ⟨𝑣 ;𝜂/Δ⟩ 𝜅 ↦→𝑤
=⇒ ⟨𝑣 ;𝜂′/Δ′⟩.

The proof of (i) uses a logical relations argument, which we sketch in section 5.3 below, whereas

(ii) follows from a straightforward induction on the typing derivation. The remaining properties

(iii) to (v) follow from (i) and (ii).

Proof of Theorem 4.1 (productivity). Part (i) follows immediately from Proposition 5.4 (iv).

To show (ii), assume a well-formed reactive execution sequence of the form (1). By induction on

the length 𝑛 of the sequence, we can show that ⊢Δ𝑛
𝜂𝑛 : now using Proposition 5.1 (iv)-(v). We can

then apply Proposition 5.4 (v) to obtain the desired step ⟨𝑣 ;𝜂𝑛/Δ𝑛⟩
𝜅𝑛 ↦→𝑤𝑛

=⇒ ⟨𝑣 ;𝜂𝑛+1/Δ𝑛+1⟩. □

5.3 Logical Relation
We conclude the discussion of themetatheoretical results by sketching the logical relations argument

that underpins the proof of Proposition 5.4 (i). This proof proceeds by constructing for each closed

type𝐴 and each environment 𝜀 a set of terms T J𝐴K(𝜀) that are semantically of type𝐴 in the context

of the environment 𝜀. By construction, each term in T J𝐴K(𝜀) evaluates to a value. Proposition 5.4 (i)

then follows from the fundamental property of the logical relation T J𝐴K(𝜀), which states that all

well-typed terms of type 𝐴 are in T J𝐴K(𝜀).
The proof of the fundamental property relies on the fact that the logical relation is a Kripke logical

relation, which means that it is closed under a suitable ordering ⊑ on 𝜀. This ordering captures the

fact that the evaluation semantics may allocate additional signals and channels. On heaps and on

channel contexts, ⊑ is defined as the subsequence relation. That is, Δ ⊑ Δ′
iff Δ can be obtained



Simple Modal Types for Functional Reactive Programming 23

V𝜌J1K(𝜀) = {()} ,
V𝜌J𝐴 × 𝐵K(𝜀) =

{
(𝑣1, 𝑣2)

�� 𝑣1 ∈ V𝜌J𝐴K(𝜀) ∧ 𝑣2 ∈ V𝜌J𝐵K(𝜀)
}
,

V𝜌J𝐴 + 𝐵K(𝜀) =
{
in1 𝑣

�� 𝑣 ∈ V𝜌J𝐴K(𝜀)
}
∪
{
in2 𝑣

�� 𝑣 ∈ V𝜌J𝐵K(𝜀)
}

V𝜌J ∀⃝𝐴K(𝜀) = {𝑣 | 𝜀 ⊩ 𝑣 : ∀⃝𝐴[𝜌] } where 𝜂𝑁✓𝜂𝐸 /Δ ⊩ 𝑡 : 𝐴 iff ⊢ |𝜂𝑁 |
Δ 𝑡 : 𝐴

V𝜌J ∃⃝𝐴K(𝜀) = {𝑣 | 𝜀 ⊩ 𝑣 : ∃⃝𝐴[𝜌] }
V𝜌J𝐴 → 𝐵K(𝜀) =

{
𝜆𝑥.𝑡

�� 𝜀 ⊩ 𝜆𝑥.𝑡 : 𝐴[𝜌] → 𝐵 [𝜌] ∧ ∀𝜀′ ⊒ 𝜀.𝑣 ∈ VJ𝐴K(𝜀′) .𝑡 [𝑣/𝑥] ∈ T 𝜌J𝐵K(𝜀′)
}

V𝜌JChan𝐴K(𝜎/Δ) = {𝜅 | 𝜅 : Chan𝐴 ∈ Δ }
V𝜌JSig𝐴K(𝜂,Δ) =

{
𝑙
�� 𝑙 : Sig𝐴[𝜌] ↦→ 𝑣 ⟨𝑈 ⟩𝑤 ∈ 𝜂, 𝑣 ∈ V𝜌J𝐴K(𝜂,Δ)

}
V𝜌J𝜇 𝛼.𝐴K(𝜀) =

⋃
𝑖

𝑇𝑖 (𝜀) where 𝑇0 (𝜀) = ∅ 𝑇𝑖+1 (𝜀) =
{
cons𝜇𝛼.𝐴 𝑣

��� 𝑣 ∈ V [𝛼 ↦→(𝑇𝑖 ,𝜇𝛼.𝐴) ]J𝐴K(𝜀)
}

V𝜌J𝛼K(𝜀) = 𝑇 (𝜀) if 𝜌 (𝛼) = (𝑇,𝐴)

VJ𝐴K(𝜀) = V∅J𝐴K(𝜀) T 𝜌J𝐴K(𝜀) =
{
𝑡
��∃𝑣, 𝜀′ . ⟨𝑡 ; 𝜀⟩ ⇓ 〈

𝑣 ; 𝜀′
〉
∧ 𝑣 ∈ V𝜌J𝐴K(𝜀′)

}
H(𝜀) =

{
𝜂
��∀𝑙 : Sig𝐴 ↦→ 𝑣 ⟨𝑈 ⟩𝑤 ∈ 𝜂.𝑣 ∈ VJ𝐴K(𝜀)

}
CJ·K(𝜀) = {∗} CJΓ, 𝑥 : 𝐴K(𝜀) =

{
𝛾 [𝑥 ↦→ 𝑣]

��𝛾 ∈ CJΓK(𝜀), 𝑣 ∈ VJ𝐴K(𝜀)
}

Fig. 10. Logical relation.

from Δ′
by removing some of its elements. On heaps, ⊑ is defined analogously. We lift this ordering

to environments by pointwise ordering on the ‘now’ heap and the channel context components:

𝜂𝑁✓𝜂𝐸 /Δ ⊑ 𝜂′𝑁✓𝜂
′
𝐸 /Δ′

iff 𝜂𝑁 ⊑ 𝜂′𝑁 ∧ Δ ⊑ Δ′ ∧ 𝜂𝐸 = 𝜂′𝐸

Note that the ‘earlier’ heap remains constant, which matches the behaviour of the evaluation

semantics:

Lemma 5.5. If ⟨𝑡 ; 𝜀⟩ ⇓ ⟨𝑣 ; 𝜀′⟩, then 𝜀 ⊑ 𝜀′.

Figure 10 gives the complete definition of the logical relations that are involved in this proof. In

addition to the term relation T 𝜌J𝐴K(𝜀), we also define a corresponding value relationV𝜌J𝐴K(𝜀).
Both T 𝜌J𝐴K(𝜀) and V𝜌J𝐴K(𝜀) are generalised to open types, i.e. types that may contain a free

type variable. To this end, both logical relations have the additional component 𝜌 , which is a finite

map from type variables to pairs (𝑇,𝐴) consisting of a semantic type 𝑇 and a syntactic type 𝐴.

The former is a function from environments to sets of values of type 𝐴. In the definition of the

value relation, we use the notation 𝐵 [𝜌] to apply the syntactic substitution 𝜌syn to a type 𝐵, where

𝜌syn (𝛼) = 𝐴 iff 𝜌 (𝛼) = (𝑇,𝐴). Since types may contain at most one free type variable according to

the definition of well-formed types in Figure 2, 𝜌 is either empty or consists of a single pair (𝑇,𝐴)
assigned to the single type variable 𝛼 .

The proof of the fundamental property proceeds by induction on the typing judgement, which

means that we also have to consider open terms. To this end, we also define a corresponding context

relation CJΓK(𝜀), which contains term substitutions 𝛾 such that 𝛾 (𝑥) ∈ VJ𝐴K(𝜀) iff 𝑥 : 𝐴 ∈ Γ.
Likewise, we need a logical relationH(𝜀) capture semantically well-typed ‘now’ heaps with respect

to an environment 𝜀.
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Proposition 5.6 (fundamental property). If Γ ⊢ |𝜂𝑁 |
Δ 𝑡 : 𝐴, 𝜂𝑁✓𝜂𝐸 /Δ ⊑ 𝜀, 𝜂𝑁 ∈ H (𝜀), 𝛾 ∈ CJΓK(𝜀),

then 𝑡𝛾 ∈ T J𝑡K(𝐴).

This property is proved by a lengthy induction on the typing derivation for Γ ⊢ |𝜂𝑁 |
Δ 𝑡 : 𝐴. The

proof relies on the fact that the value, context, and heap relations are closed under the ordering ⊑
on environments:

Lemma 5.7. Let 𝜀 ⊑ 𝜀′. Then VJ𝐴K(𝜀) ⊆ VJ𝐴K(𝜀), CJΓK(𝜀) ⊆ CJΓK(𝜀), andH(𝜀) ⊆ H (𝜀)

Proposition 5.6 is much more general than what we need to prove Proposition 5.4 (i). This

generality makes the induction hypotheses strong enough for the induction argument to go through.

Crucially, from this generalised fundamental property, we obtain the following instantiation for

closed terms, from which Proposition 5.4 (i) follows immediately:

Corollary 5.8 (fundamental property for closed terms). If ⊢𝜂𝑁Δ 𝑡 : 𝐴, then 𝑡 ∈ T J𝐴K(𝜂𝑁✓𝜂𝐸 /Δ).

6 Related Work
Modal FRP. Our work builds on much of the existing literature on modal FRP, which was

independently introduced by Jeltsch [2012] and Jeffrey [2012]. Krishnaswami [2013] was the first

to exploit modal types to construct a higher-order FRP language that provably does not suffer

from space leaks. This work was later extended by Bahr et al. [2019] to simplify the type system

using Fitch-style tokens in the typing context [Clouston 2018]. However, unlike Rizzo, these and
subsequent languages [Bahr 2022; Bahr et al. 2021] with formal guarantees about space leaks are

synchronous, i.e. there is a single global clock and all signals update according to this global clock.

Asynchronous Modal FRP. There are several asynchronous modal FRP languages [Bahr et al.

2024; Bahr and Møgelberg 2023; Graulund et al. 2021], but to our knowledge only the Async RaTT

language of Bahr and Møgelberg [2023] makes formal operational guarantees including the absence

of space leaks and productivity. Similarly to Rizzo, also Async RaTT features two later modalities

( ∃⃝ and ∀⃝) and clocks that consists of channels. However, in order to obtain guarantees about

memory leaks, Async RaTT also features the stable modality □ and makes restrictions on non-stable

types like those illustrated in section 1.2, which causes restrictions in expressiveness as discussed

in section 1.3. The underlying reason for this difference in expressiveness is the fact that, in Rizzo,
clocks only indicate timing dependencies but not data dependencies (cf. Fig. 4). This is different in

Async RaTT, where clocks indicate both time and data dependencies. As a consequence, Async RaTT

cannot not express the filter combinator and the sample combinator. For example, sample xs ys has
a data dependency on both xs and ys, but a timing dependency on only xs. In addition, Rizzo has
a more expressive notion of clocks, which consist of channels (just like Async RaTT) and partial

signals (not available in Async RaTT). The inclusion of partial signals as components of clocks

enables the implementation of filter .

FRP as a Library. Operational properties of reactive programs can also be ensured by devising

a library with a carefully restricted interface. For example, Yampa [Nilsson et al. 2002] uses ar-

rows [Hughes 2000] to ensure causality of signal functions, and FRPNow! [Ploeg and Claessen

2015] uses a monadic interface to avoid some sources of space leaks. A more recent refinement of

Yampa [Bärenz and Perez 2018] annotates signal functions with type-level clocks, which allows the

construction of dataflow graphs that combine subsystems running at different clock speeds. These

type-level clocks are static statically determined at compile time with the aim to provide efficient

resampling between subsystems, whereas Rizzo’s clocks may dynamically change over time and

thus allow for programs with dynamically changing dataflows.
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Mutable References. Rizzo’s semantics is significantly different from the previous work on

(asynchronous) modal FRP mentioned above. Instead of using stable types to avoid memory

leaks, Rizzo uses mutable references. As a consequence, the language does not in general have

referential transparency. In particular, 𝛽 reduction is not equivalence preserving. For example,

(𝜆x .delay x) (head xs) is semantically different from delay (head xs), since the head of a signal

now may be different from the head of the same signal in the future.

Despite its use of mutable references, Rizzo constraints their use with the ∃⃝ modality so that

the language is still productive. General mutable references can be used to form cycles, which in

turn causes non-termination [Landin 1964]. However, as Koronkevich and Bowman [2025] recently

demonstrated, the creation of such cycles can be ruled out by a type system that stratifies references

types (so that references at level 𝑖 ∈ N may only use references at level strictly smaller than 𝑖 .)

Rizzo’s type system also causes a form of stratification: The heap on which signals are stored is

ordered and thus imposes an ordering on heap locations. A heap location 𝑙 may only refer to heap

location that appears to the left of 𝑙 on the heap. This ordering is used for scheduling the updating of

signals, but it also prevents cyclic references that would cause the evaluation semantics to diverge.

Synchronous languages. The set of crucial operational properties we expect from reactive pro-

grams depends on the application domain. For example, most programming languages don’t enforce

termination, and similarly we may sacrifice the productivity guarantee in order to simplify Rizzo
by allowing general recursion. However, other application domains require stronger guarantees

such as bounded memory usage and real-time guarantees for each computation step. For example,

Krishnaswami et al. [2012] uses a linear typing discipline to obtain static memory bounds. Moreover,

synchronous dataflow languages such as Esterel [Berry and Cosserat 1985; Berry and Gonthier

1992], Lustre [Caspi et al. 1987], and Lucid Synchrone [Pouzet 2006] provide static bounds on

runtime. However, these languages are all limited to a synchronous setting where all signals are

updated according to a global clock. Moreover, synchronous dataflow languages obtain their strong

static guarantees by enforcing strict limits on the dynamic behaviour, disallowing both time-varying

values of arbitrary types (e.g., we cannot have a signal of signals) and dynamic switching (i.e.,

no functionality equivalent to the switch combinator). Both Lustre and Lucid Synchrone have a

notion of a local clock, which is a stream of Booleans that indicates at each tick of the global clock,
whether the local clock ticks as well. In Rizzo, this notion of local clocks is subsumed by partial

signals, which give rise to clocks via watch : Sig (A + 1) → ∃⃝ A.

7 Conclusion and Future Work
Rizzo takes a different approach to modal functional reactive programming languages. Similarly

to the two other asynchronous modal FRP languages, Async RaTT [Bahr and Møgelberg 2023]

and 𝜆Widget [Graulund et al. 2021], it uses modal types to keep track of time. However, unlike

these languages, Rizzo uses modal types to allow in-place updates of signals. This simplifies the

type system and extends the expressiveness of the language, all while maintaining the operational

guarantees of causality, productivity, and absence of space leaks.

As a consequence of this trade-off, Rizzo allows limited, controlled mutability, which reduces

the available equational reasoning principles. For example, 𝛽-equality does not hold universally,

e.g. (𝜆𝑥.𝑠)𝑡 is not necessarily contextually equivalent to 𝑠 [𝑡/𝑥] if 𝑡 is not a value. The substitution
[𝑡/𝑥] may move 𝑡 into the future, i.e. into the scope of a delay, and thus change the outcome of any

signal lookup performed by occurrences of head in 𝑡 . This suggests future work in devising a logic

for convenient equational reasoning. Such a logic may very well reintroduce restrictions enforced

by a Fitch-style or a qualifier type system as found in previous modal FRP languages [Bahr and
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Møgelberg 2023; Krishnaswami 2013]. Importantly, however, these additional complications would

be limited to the reasoning and absent from the programming language Rizzo itself.
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