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Abstract

Over the past fifteen years, a number of languages for functional reactive programming (FRP) have
been suggested, which use modal types to ensure properties like causality, productivity and lack of
space leaks. So far, almost all of these languages have included a modal operator for delay on a global
clock. For some applications, however, the notion of global clock is unnatural and leads to leaky
abstractions as well as inefficient implementations. While modal languages without a global clock
have been proposed, no operational properties have been proved about them, yet.

This paper proposes Async RaTT, a new modal language for asynchronous FRP, equipped with an
operational semantics mapping complete programs to machines that take asynchronous input signals
and produce output signals. The main novelty of Async RaTT is a new modality for asynchronous
delay, allowing each output channel to be associated at runtime with the set of input channels it
depends on, thus causing the machine to only compute new output when necessary. We prove a series
of operational properties including causality, productivity and lack of space leaks. We also show that,
although the set of input channels associated with an output channel can change dynamically during
execution, upper bounds on these can be determined statically by the type system.

1 Introduction

Reactive programs are programs that engage in a dialogue with their environment, receiving
input and producing output, often without ever terminating. Examples include much of the
most safety critical software in use today, such as control software and servers, as well as
GUIs. Most reactive software is written in imperative languages using a combination of
complex features such as callbacks and shared memory, and for this reason it is error-prone
and hard to reason about.

The goal of functional reactive programming (FRP), originally proposed by Elliott and
Hudak (1997), is to provide programmers with the right abstractions to write reactive
programs in a functional style, allowing for concise, modular programs, as well as modular
reasoning principles for them. For such abstractions to be useful it is important that they
are designed so that efficient low-level implementations may be algorithmically generated
from high-level programs.
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The main abstraction of FRP is that of signals, which are time dependent values. In the
case of discrete time given by a global clock, a signal can be thought of as a stream of
data. A reactive program is essentially just a function taking input signals and producing
output signals. For this to be implementable, however, it needs to be causal: The current
output must only depend on current and past input. Moreover, the low-level implementations
generated from high-level programs should also be free of (implicit) space- and time-leaks.
This means that reactive programs should not store data indefinitely, causing the program
to eventually run out of space, nor should they repeat computations in such a way that the
execution of each step becomes increasingly slower.

These requirements have led to the development of modal FRP (Jeffrey, 2014, 2012;
Krishnaswami and Benton, 2011; Krishnaswami et al., 2012; Krishnaswami, 2013; Bahr
et al., 2019; Bahr, 2022; Jeltsch, 2012), a family of languages using modal types to ensure
that all programs can be implemented efficiently. The most important modal type constructor
is the later modality O, used to classify data available in the next time step on some global,
discrete clock. For example, the type of signals should satisfy the type isomorphism Sig A =
A x O(Sig A) stating that the current value of the signal is available now, but its future values
are only available after the next time step. Using this encoding of signals, one can ensure
that all reactive programs are causal. Many modal FRP languages also include a variant of
the Nakano (2000) guarded fixed point operator of type (OA — A) — A. The type ensures
that recursive calls are only performed in future steps, thus ensuring termination of each
step of computation, a property called productivity. Often these languages also include a [
modality used to classify data that is stable, in the sense that it can be kept over time without
causing space leaks. Other modal constructors, such as ¢ (eventually) can be encoded,
suggesting a Curry-Howard correspondence between linear temporal logic (Pnueli, 1977)
and modal FRP (Jeffrey, 2012; Jeltsch, 2012; Cave et al., 2014; Bahr et al., 2021).

However, for many applications, the notion of a global clock associated with the O modal
operator may not be natural and can also lead to inefficient implementations. Consider, for
example, a GUI which takes an input signal of user keystrokes, as well as other signals that
are updated more frequently, like the mouse pointer coordinates. The global clock would
have to tick at least as fast as the updates to the fastest signal, and updates on the keystroke
signal will only happen on very few ticks on the global clock. Perhaps the most natural
way to model the keystroke signal is therefore a signal of type Maybe(Char). In the modal
FRP languages of Krishnaswami (2013); Bahr et al. (2019), the processor for this signal
will have to wake up for each tick on the global clock, check for input, and often also
transport some local state to the next time step by calling itself recursively. Perhaps more
problematic, however, is that an important abstraction barrier is broken when a processor
for an input signal is given access to the global clock. Instead, we would like to write the
GUI as a collection of processors for asynchronous input signals that are only activated
upon updates to the signals on which they depend.

1.1 Async RaTT

This paper presents Async RaTT, a modal FRP language in the RaTT family (Bahr et al.,
2019; Bahr, 2022; Bahret al., 2021), designed for processing asynchronous input. A reactive
program in Async RaTT reads signals from a set of input channels and in response sends
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signals to a set of output channels. In a GUI application, typical input channels would
include the mouse position and keystroke events, while output channels could for example
include the content of a text field or the colour of a text field.

For each output channel o, the reactive program keeps track of the set 6 of input channels
on which o depends. We refer to such a set 6 of input channels as a clock. When the signal
on an input channel « is updated, only those output channels whose clock € contains « will
be updated. For example, the keystroke input channel might be in the clock for the text field
content but not the text field colour. Since the program can dynamically change its internal
dataflow graph, the clock associated with an output channel may change during execution
and so is not known at compile time. For example, the text field might fall out of focus
and thus not react to keystrokes any longer. We refer to the arrival of new data on an input
channel in the clock 6 as a tick on clock 6.

Async RaTT has a modal operator [1 used to classify stable data, as well as two new
modalities: @ for asynchronous delays and &) for a delay on the global clock. A value
of type @A is a pair consisting of a clock 6 and a computation that can be executed to
return data of type A on the next tick on 6. The type @A can therefore be thought of as an
existential type. Our notion of signal is encoded as a recursive type Sig A = A X @(Sig A).
That means, a signal consists of its current value of type A along with a tail of type
@(Sig A) that is a delayed computation producing future values of the signal. Since this
delayed computation uses the @ modality, it contains a clock that specifies when the next
value of the signal becomes available. Consequently, as the signal unfolds over time, the
clock associated with its tail may change from one time step to the next.

Unlike the synchronous O, the asynchronous @ does not have an applicative action of
type @(A — B) — @A — OB because the delayed function and the delayed input may not
arrive at the same time, and to avoid space leaks, Async RaTT does not allow the first input
to be stored until the second input arrives. Instead, Async RaTT synchronises delayed data
using an operator

sync: QA1 — QA —» (A1 X @A) + (DA X Az) + (A1 X A2))

Given two delayed computations associated with clocks 81 and 6,, respectively, sync returns
the delayed computation associated with the union clock 8, U 6,. This delayed computation
waits for an input on any input channel « € 8 LI 8,, and then evaluates the computations
that can be evaluated depending on whether « € 61, k € 8,, or both. For example, if the input
is received on channel x € 6] \ 6;, only the first delayed computation is evaluated. The sync
operator can be used to implement signal combinators that dynamically update the dataflow
graph of a program. An example of such a signal combinator is

switch : Sig A — @ (Sig A) — Sig A

The signal switch xs ys first behaves like the signal xs, but switches to ys as soon as it arrives,
namely when its clock ticks.

The modal type @A classifies computations that can be run at any time in the future, but
not now. It is used in the guarded fixed point operator, which in Async RaTT has type

O@®@A—-A) > A
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The input to the fixed point operator must be a stable function (as classified by [J), because
it will be used in unfoldings at any time in the future. The use of @ restricts fixed points to
only unfold in the future, ensuring termination of each step of computation.

1.2 Operational semantics and results

We present an operational semantics that maps each complete Async RaTT program to a
machine that transforms a sequence of inputs received on its input channels to a sequence
of outputs on its output channels. The transformation is done in steps, processing one input
at a time, producing new outputs on the affected output channels.

The operational semantics consists of two parts. The first is the evaluation semantics
describing the evaluation of a term in each step of the machine. This semantics takes a
term, a store, and values received on input channels and produces a value and an updated
store. The store contains delayed computations stored in up to two separate heaps: one heap
contains previously stored delayed computations that the evaluation semantics can now
run, and the other heap can be used to store new delayed computations to be evaluated at
a later step. The second part of the operational semantics is the reactive semantics, which
describes the machine which, at each step, locates the output signals to be updated and
executes the corresponding delayed computations according to the evaluation semantics in
order to produce output.

The transformation of input to output described by the operational semantics is causal by
construction. We show that it is also deterministic and productive — in the sense that each
step terminates and never gets stuck. We also show that the execution of an Async RaTT
program is free of (implicit) space leaks. This is achieved following a technique originally
due to Krishnaswami (2013): At the end of each step of execution, the machine deletes all
delayed computations that in principle could have been run in the current step — regardless
of whether they actually were run. All inputs are also deleted, either at the end of the step
or when the next input from the same signal arrives, depending on the kind of the specific
input signal. Our metatheoretic results show that this aggressive garbage collection strategy
is safe. Of course, the programmer can still write programs that accumulate space, but such
leaks will be explicit in the source program, not implicitly introduced by the implementation
of the language.

Finally, we show that an upper bound on the dynamic clocks associated with an output
signal can be computed statically. More precisely, given an Async RaTT program consisting
of a number of output signals in a given context A of input channels, if one of the output
signals can be typed in a smaller context A’ C A, then that signal will never need to update on
input received on channels in A \ A’. Note that this signal independence result holds despite
the ability to express combinators like switch, which dynamically change the dataflow graph
of a program.

1.3 Overview

The paper is organised as follows: Section 2 presents the syntax and type system of Async
RaTT. Section 3 demonstrates the expressivity of Async RaTT by developing a small library
of signal combinators, along with examples that use the library for GUI programming and
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Fig. 1. Syntax.

computing integrals and derivatives of signals. The operational semantics is defined in
section 4, which also illustrates it with an example, and presents the main results. Section 5
presents the proofs of the main results, and in particular defines the Kripke logical relation
used for the proofs. Section 6 presents a more general type system called Full Async RaTT
that dispenses with some of the limitation of Async RaTT. Moreover, we show that closed
Full Async RaTT terms can be algorithmically transformed into Async RaTT terms of the
same type. Finally, section 7 and section 8 discuss related work, conclusions and future
work. This version of the paper is equipped with an appendix detailing the proof of the
fundamental property of the Kripke logical relation.

1.4 Additional material

This paper extends the conference paper (Bahr and Mggelberg, 2023) with the following
additional contributions:

* The type system of Async RaTT has been generalised and simplified. It now allows
arbitrarily many ticks in the typing context and places no restrictions on the ticks
occurring in the typing context when typing lambda abstractions.

* We include an additional example program in section 3.4.

* We present a generalised type system, called Full Async RaTT, and show that closed
Full Async RaTT programs can be transformed into Async RaTT programs of the
same type.

* We give examples demonstrating that Full Async RaTT programs do not in general
satisfy the operational properties of Async RaTT, and we illustrate how the program
transformation from Full Async RaTT to Async RaTT recovers these properties.

* We include all proofs of the main results: productivity, causality, signal independence,
and absence of implicit space leaks.
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Fig. 2. Typing rules for Async RaTT. Rules marked with % will be generalised in section 6.

2 Async RaTT

In this section, we give an overview of Async RaTT, referring to Figures 1 and 2 for the full
specification of its syntax and typing rules.

An Async RaTT program has access to a set of input channels, each of which receives
updates asynchronously from each other. To account for this, typing judgements are relative
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to an input channel context A or input context for short. An example of such a context is
keyPressed :, Nat, mouseCoord :p, Nat X Nat, time :p, Float (2.1)

There are three classes of input channels, each corresponding to one of the subscripts
p, b, and bp as in the example above. Push-only input channels, indicated by p, are input
channels whose updates are pushed through the program, possibly causing output channels
to be updated. In the example context above, we want the program to react to user keypresses
immediately, and so updates to this should be pushed. On the other hand, we may wish to
have access to a time input channel, which we can read from at any time, but we may not
want the program to wake up whenever the time changes. Time is therefore treated as a
buffered-only input channel, indicated by b, whose most recent value is buffered, but whose
changes will not trigger the program to update any output channel. Finally, input channels
may be both buffered and pushed, indicated by bp, which means that updates are pushed,
but we also keep the value around in a buffer, so that the latest value can always be read
by the program. This is unlike the push-only input channels whose values are deleted for
space efficiency reasons, once an update has been treated. For example, we might want to
be informed when the mouse coordinates are updated, but also keep these around so that
we can read the mouse coordinates when a key is pressed, even if the mouse has not moved.
We refer to input channels that are either push-only or buffered-push (p or bp) as push
channels and similarly to input channels that are either buffered-only or buffered-push as
buffered channels.

All signals are assumed to have value types, i.e., any declaration « :. A in A must have a
value type A. Intuitively speaking, value types classify basic values that contain no delayed
computations and thus exclude function types and all modal types. The grammar for value
types is given in Figure 1.

2.1 Clocks and the later modality 3

A clock is effectively a set of push channels (p or bp), that the program may have to react to.
For instance, @, {keyPressed} and {keyPressed, mouseCoord} are all examples of clocks
for the example input context given in (2.1) above. The type @A is a type of delayed
computation on an existentially quantified clock. In other words, a value of type @A is a
pair of a clock 6 and a computation that will produce a value of type A once an update on
one of the input channels in 6 is received. We refer to such an update as a tick on the clock
6. For example, if the associated clock is {keyPressed, mouseCoord}, then the data of type
A can be computed once keyPressed or mouseCoord receive new input.

Since @A are existential types, one can obtain the clock c/(v) for any value v of these
types. The values of type @A are variables and wait, where « is a push channel. The latter
acts as a reference to the next value pushed on «, and so we can intuitively think of the clock
expression cl (wait,) as representing the clock {«}. Clocks can also be combined using a
union operator LI. We also include an element never which is associated with the empty
clock.

We use Fitch-style (Clouston, 2018), rather than the more traditional dual context
style (Davies and Pfenning, 2001) for programming with the modal type constructors
of Async RaTT. In the case of 3, this means that introduction and elimination rules use a
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special symbol vj , referred to as a tick, in the typing context. One can think of a tick vj as
representing a tick of the clock 8. Thus, it divides the judgement into variables (to the left of
v ) received before the tick, and everything else, which happens after the tick. For example,
we can interpret the judgement x : A, vj, y: Bra t: C as saying that if x is available before
the tick of the clock 6 and y is available after the tick of 6, then 7 is available after the tick
of 6. With this in mind, the elimination rule for @ should be read as follows: If v has type
@A now, then adv v has type A after a tick on the clock ¢/ (v). Similarly, the introduction
rule for @ should be read as: If ¢ has type A after a tick on clock 6, then delay, t has type
@A now.

Operationally, the term delay, t creates a delayed computation, which is stored in a heap
until the input data necessary for evaluating it is available. It is therefore not considered a
value. Rather, delay, t evaluates to a heap reference [ that points to the delayed computation.
Although heap references are part of Async RaTT, and are even considered values (cf.
Figure 1), programmers are not allowed to use these directly, and there are therefore no
typing rules for them.

Two delayed values v : @A and v, : @A, can be synchronised using select once a tick
on the union clock cl(v1) U cl(v;) has been received. The type of select vi v, reflects the
three possible cases for such a tick: It could be in one of the two clocks ¢/ (v;) and cl(v;),
but not the other, or it could be in both. For example, if the input is in ¢/ (v ), but not ¢l (v5),
then data of type A| X @A, can be computed. The sync operator shown in section 1.1 can
be defined using select:

sync = Ax.Ay.delay iy (select x y)

The idea of using a term like select to distinguish between these cases is due to Graulund
etal. (2021), who only require two cases to be defined, resorting to non-deterministic choice
in the case where the tick is in the intersection of the clocks. This behaviour matches the
original select primitive in Concurrent ML (Reppy, 1999). By contrast, in Async RaTT,
providing all three cases is crucial for the operational results of section 4.

Note that the typing rules allow us to apply select and adv only to values. As we will
show in section 6, this restriction is necessary to ensure that the operational semantics, and
in particular its aggressive garbage collection strategy, is sound. This restriction also means
that clock expressions are always values that do not need to be evaluated. For example,
evaluating delay,,(adv t) would require evaluating 7 twice: first for evaluating the clock,
and then to evaluate the term itself. Elimination of @ can be done for general terms ¢ using
a combination of let-binding and adv, so that we write let x =t in delay,; . (adv x) instead
of delay.;(advt). Section 6 proves that this idea works in general: Any closed term that
is typeable in a more relaxed type system that allows general terms as arguments to adv
and select can be systematically transformed in a type preserving way so that it satisfies the
stricter typing rules in Figure 2. This transformation is also the basis for an implementation
of Async RaTT as an embedded language in Haskell (Bahr et al., 2024).

2.2 Stable types and fixed points

General values in Async RaTT can contain references to time-dependent data, such as
delayed computations stored in the heap. One of the main purposes of the type system
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is to prevent such references to be dereferenced at times in the future when a delayed
computation has been deleted from the heap. For this reason, arbitrary data should not be
kept across time steps. This is reflected in the typing rule for variable introduction, which
prevents general variables to be introduced across ticks.

For some types, however, values can not contain such references. We refer to these types
as stable types and the grammar defining them is given in Figure 1. The two kinds of types
that are explicitly not stable are delayed types @A and function types A — B. Intuitively
speaking, a value v of type A is only available until its clock ¢/ (v) ticks and thus cannot
be considered stable. Similarly, a value of type A — B is a closure which may contain
arbitrary data, in particular values of type @A.

Stable types include all those of the form [JA, which classify computations that produce
values of type A without any access to delayed computations. The introduction rule for
[ constructs a delayed computation box ¢ that can be evaluated at any time in the future.
This requires ¢ to be typed in a stable context, and so the hypothesis of the typing rule
removes all ticks and all variables not of stable type from the context. However, since
both wait, and read, are typeable in an empty context, they are stable in the sense that
Fa box wait, : (@A) for any « :. A € A where ¢ € {p, bp} and +4 box read, : JA for any
K :c A € A where ¢ € {b, bp}.

The 0 modality has a counit and a comultiplication:

counit :[JA — A comult : (A — [O(JA)

counit = Ax.unbox x comult = Ax.box (box (unbox x))

Async RaTT is a terminating calculus in the sense that each step of computation ter-
minates. It does, however, still allow recursive definitions through a fixed point operator,
whose type ensures that recursive calls are only performed during later time steps. More
precisely, the recursion variable x in fix x.t has type DA, which means that the recursive
definition can be unfolded to produce a term of type A any time in the future, but not now.
This is ensured through the elimination rule for ® which allows it to be advanced using a
tick on any clock typeable in the current context. Since fixed points can be called recursively
at any time in the future, these must be stable, and so ¢ is required to be typeable in a stable
context.

To understand the difference between the two later modalities @ and @) it is instructive to
conceptualise them in terms of a more basic type modality O that classifies computations
that are delayed with respect to a specific clock 6. Assuming such a type modality, we can
think of @A as the existential type 3.0 A and of @A as the polymorphic type ¥6.0Q? A.
A value of the former type consists of a clock 6 and a delayed computation that can be
performed as soon as 6 ticks, while a value of the latter type is a delayed computation that
can be performed as soon as any clock ticks.

The types Fix a.A are guarded recursive types that unfold to A[@(Fix a.A)/a] via the
terms into and out. The most important of these types is Sig A defined as Fix a.(A X @),
which unfolds to A X @(Sig A). That is, a signal consists of a current value and a delayed
tail, which at some time in the future may return a new signal.
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As an example, we can use any push channel «:. A €A, i.e., ¢ €{p, bp}, to define a
corresponding stable signal in Async RaTT:

box (ﬁxx.delaycl(wmtk) (into (adv wait,, advy x))) :O0(3(Sig A))

where the recursion variable x has type @(@(Sig A)). These signals, of course, operate on
a fixed clock {«}, but in general, the clock associated with the tail of a signal may change
from one step to the next, which we shall see examples of in section 3.

Besides all these constructions, Async RaTT also has a number of standard constructions
from functional programming: sum types, product types, natural numbers and function
types. The typing rules for these are completely standard.

3 Programming in Async RaTT

In this section, we demonstrate the expressiveness of Async RaTT with a number of exam-
ples. To this end, we assume a surface language that extends Async RaTT with syntactic
sugar for pattern matching, recursion, and top-level definitions. In addition, we elide the
clock subscript 6 when using delay, as it can be inferred from the context. This syntax can
be easily elaborated into the Async RaTT calculus as described in section 3.6.

3.1 Simple signal combinators

We start by implementing a small set of simple combinators to manipulate signals, i.e.,
elements of the guarded recursive type Sig A defined as Fix a.(A X «). For readability, we
use the shorthand s :: ¢ for into (s, t), such that, given s : A and ¢ : @(Sig A), we have that
st SigA.

We start with one of the simplest signal combinator:

map :0 (A — B) — SigA — SigB
map f (x:: xs) = unbox f x :: delay (map f (adv xs))

The map combinator takes a stable function f and applies it pointwise to a given signal.
The fact that f is of type (J(A — B) rather than just A — B is crucial: Since A — B is not
a stable type, f would otherwise not be in scope ‘under’ the delay, where we need f for the
recursive call. The need for the [ modality also has an intuitive justification: The function
will be applied to values of the input signal arbitrarily far into the future, but a closure of
type A — B may contain references to delayed computations that may have been garbage
collected in the future.

The map combinator is stateless in the sense that the current value of the output signal
only depends on the current value of the input signal. We can generalise this combinator to
scan, which produces an output signal that in addition may depend on the previous value
of the output signal:

scan : stableB=[1(B— A — B) —» B — Sig A — Sig B
scan f acc (a:: as) = acc’ :: delay (scan f acc’ (adv as))
where acc’ = unbox f acc a
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Every time the input signal updates, the output signal produces a new value based on the
current value of the input signal and the previous value of the output signal. Since the
previous value of the output signal is accessed, B must be a stable type. We use the =
notation to delineate such constraints from the type signature.

For example, we can use scan to produce the sum of an input signal of numbers:

sum : Sig Nat — Sig Nat
sum = scan (box (Amn.m+n)) 0

Often we only have access to a delayed signal. For instance, for each push channel
k:c A €A, ce{p,bp} we have the signal

sigAwait, : @ (Sig A)
sigAwait, = delay (adv wait, :: sigAwait )

For example, we might have the push-only channels mouseClick :j, 1 or keyPress :;, KeyCode
available. We can derive a version of scan for such signals:

scanAwait : stable B= 0 (B—A — B) > B— 3 (SigA) — Sig B
scanAwait f acc as = acc :: delay (scanf acc (adv as))

A simple use case of scanAwait is a combinator that counts the updates of a given delayed
signal, e.g., the number of key presses:

count : @ (Sig A) — Nat — Sig Nat
count s n = scanAwait (box (Am _.m+1))ns

Like scan, also map naturally has a variant for delayed signals:

mapAwait :[J (A — B) — Q) (SigA) —» @ (Sig B)
mapAwait f d = delay (map f (adv d))

The advantage of signals being first-class elements of the language is that we can easily
combine simple signals to construct more complex signals. The simplest signal that can
serve as such a basic building block for more complex signals is the constant signal:

const: A — Sig A
constx =X :: never

In isolation this combinator may appear to be of little use. Its utility becomes apparent once
we also have means to combine it with other signals. A very simple way to combine signals
is provided by the following jump combinator:

Jjump :J(A— (1+SigA)) > SigA — SigA
Jjump f (x :: xs) = case unbox f x of
iny () . x::delay (jump f (adv xs))

inp xs’. xs’

This combinator produces a signal that first behaves like the second argument, but as soon
as the first argument produces a new signal when given the current value of the signal, it
behaves like this new signal.
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We can now use const to define a combinator that takes a predicate and a signal and
modifies the signal so that it stops, i.e., behaves like the constant signal, as soon as the
predicate is satisfied:

stop :J (A — Bool) — Sig A — Sig A
stop p = jump (box (A x. if unbox p x then iny (const x) else in; ()))

For readability, we have used the notation Bool as shorthand for 1 + 1 and if b then d else ¢
as shorthand for case b of iny x.d; iny y.e.
We can use stop to implement a counter with an upper bound:

countMax : @ (Sig A) — Nat — Nat — Sig Nat
countMax s start end = stop (box (A n. n = end)) (count s start)

For the above example, we assume that we have implemented a comparison operator =
on natural numbers, which we can do using recy,,. In the following section, we see more
examples of combinators that combine several signals.

3.2 Concurrent Signal Combinators

The combinators we looked at so far only consume a single signal, and thus have no need to
account for the concurrent behaviour of two or more clocks. For example, we may have two
input signals produced by two redundant sensors that independently provide a reading we
are interested in. To combine these two signals, we can interleave them using the following
combinator:

interleave :[1(A > A — A) - O (SigA) > O (SigA) — O (SigA)
interleave f xs ys = delay (case select xs ys of
Left (x::xs") ys' . x: interleave f xs’ ys’
Right x5’ (y::ys’).y: interleave f xs’ ys’
Both (x::xs") (y::ys"). unbox f xy :: interleave f xs’ xs”)

In this and subsequent definitions, we use the shorthands Left, Right, and Both to construct
and pattern match values of type ((A; X @Az) + (DA X Ay)) + (A] X Ap) produced by
select. For example, Left s t is short for inj (in; (s, t)), i.e., the case that the left clock ticked
first. The interleave combinator uses select in order to wait until at least one of the input
signals ticks, and then updates the output signal accordingly. In case that both signals tick
simultaneously, the provided merging function f is applied. For example, f could just
always use the value of the first signal or take the average. Note that the produced signal
combines the clocks of the input signals, i.e., it ticks whenever either of the input signals
ticks.

We might also be interested in the values of both input signals simultaneously, in which
case we could use zip:

zip : stable A, B= Sig A — Sig B — Sig (A X B)
zip (x 2 xs) (v ::ys) = (x, ) :: delay (case select xs ys of
Left xs' ys'.zipxs’ (y::ys’)
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Right xs" ys’. zip (x :: xs") ys’
Both xs’ ys’. zip xs’ ys')

Similarly to interleave, the output signal produced by zip ticks whenever either of the input
signals does. However, note that in the Left and Right cases, we take the previously observed
value from the signal that did not tick and copy it into the future. Hence, we need both
types, A and B, to be stable: The variables x of type A and y of type B are bound outside
the scope of the delay, but they are used inside it, namely in the Right case and the Left
case, respectively.

Finally, we consider the switching of signals. We wish to produce a signal that behaves
initially like a given input signal, but switches to a different signal as soon as some event
happens. This idea is implemented in the switch function:

switch : Sig A — @ (SigA) — SigA

switch (x :: xs) d = x :: delay (case select xs d of
Left xs’ d'. switch xs’ d’
Right _ d'.d
Both xs'd'.d’)

The event that represents the future change of the signal is represented as a delayed signal,
and as soon as this delayed signal ticks, as in the Right and Both cases, it takes over. With
the help of switch we can construct dynamic dataflow graphs since we replace a given signal
with an entirely new signal, which may depend on different input channels and intermediate
signals compared to the original signal.

We will demonstrate an example of this dynamic behaviour in the next section. In
preparation for that we devise two variants of switch, both of which allow the new signal to
depend on the value of the previous signal:

switchsS : stable A = SigA — @ (A — Sig A) — Sig A

switchS (x :: xs) d = x :: delay (case select xs d of
Left xs’ d’. switchS xs" d’
Right _ d.dx
Both (x' ::xs')d’.d" x')

Instead of a new signal, this combinator waits for a function that produces the new signal,
and we feed this function the last value of the first signal.

We can further generalise switchS so that instead of waiting for a single delayed function
to produce a new signal, we wait for a delayed signal of such functions

switchR : stable A = Sig A — @ (Sig (A — SigA)) — SigA
switchR sig steps = switchsS sig
(delay (let step :: steps’ = adv steps inA x. switchR (step x) steps’))

Wile switchS changes behaviour once, namely when the delayed function arrives, switchR
allows us to change behaviour repeatedly, namely every time the delayed signal produces a
new function.
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3.3 A simple GUI example

To demonstrate how to use our signal combinators, we consider a very simple example of
a GUI application: Our goal is to write a reactive program with two output channels that
describe the contents of two text fields. To this end, the two output channels are given the
type Sig Nat. The number displayed in text fields should be incremented each time the user
clicks a button, which is available as an input channel up :, 1 € A. However, there is only
one ‘up’ button and the user can change which text field should be changed by the ‘up’
button using a ‘toggle’ button, which is available as an input channel roggle :, 1 € A.

That means, the contents of the first text field can be described by a signal produced by
the count combinator, but then switches to a signal produced by the const combinator as
soon as ‘toggle’ is pressed. The behaviour of the other text field is reversed: first const,
then count. This continuous toggling between behaviours can be concisely described by the
following combinator:

toggleSig : stable A= 1 (® 1) > (A — SigA) >0 (A— SigA) > A > SigA
toggleSig tog f g x = switchS (unbox f x) (delay (adv tick; toggleSig tog g f))
where tick = unbox tog

The first argument provides the events that determine when to toggle between the two
behaviours, which in turn are given as the next two arguments. In the implementation we
use the notation s; ¢ as a shorthand for let () = s in t. The foggleSig combinator uses switchS
to start with the first signal provided by f, but then switches to g as soon as the toggle tog
ticks by using a recursive call that swaps the order of the two arguments f and g.

The output channels that describe the two text fields can now be implemented by providing
the appropriate input signals to toggleSig:

fieldl, field? : Sig Nat
fieldl = toggleSig (box waityogge) (box (count sigAwait,,,)) (box const) 0
field2 = toggleSig (box wait ogg.) (box const) (box (count sigAwait,,)) 0

Note that the dataflow graph changes during the execution of the program and how that
change is reflected in the clocks associated with the output channels: The output channel
for the first text field first has the clock {up, toggle} as it must both count the number of
times the ‘up’ button is clicked and change its behaviour in reaction to the ‘toggle’ button
being clicked. Once the ‘toggle’ button has been clicked, the clock for the output channel
for the text field changes to {toggle} as it now ignores the ‘up’ button. We will illustrate
the run-time behaviour of this example in more detail in section 4.3 when we discuss the
operational semantics of Async RaTT.

3.4 An interactive timer

As a second — more complex — example, we consider an interactive timer based on the
7GUIs benchmark (Kiss, 2014). This timer is a natural number signal that starting from 0
counts upwards each second. This signal depends on three push-only channels: seconds :), 1,
reset :, 1, and max :, Nat. The timer is incremented by 1 each time seconds ticks and is reset
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to 0 whenever reset ticks. Moreover, the timer stops when it reaches a maximum value,
which is provided by the max channel.

Our goal is to implement a signal of type Sig Nat that has the behaviour described above.
To this end, we implement a signal Sig (Nat X Nat) that consists of the actual timer value
as well as the current maximum of the timer. With this in mind, we can implement the
function that starts the basic behaviour of the timer given an initial value:

start : (Nat X Nat) — Sig (Nat X Nat)
start (n, max) = stop
(box (A (n, max). n > max))

(scanAwait (box (A (n, max) _. (n+ 1, max))) (n, max) sigAwait ., .,ngs)

We use scanAwait to increment the timer similarly to the count example from section 3.1.
Then we use the stop combinator to stop the signal once we have reached the maximum.

Next we define two signals that describe how the reser and max channels change the
timer:

resetSig : @ (Sig (Nat X Nat — Nat X Nat))

resetSig = mapAwait (box (A () (=, max). (0, max))) sigAwait, g,

setMaxSig : @ (Sig (Nat X Nat — Nat X Nat))

setMaxSig = mapAwait (box (A max’ (n, _). (min n max’, max"))) sigAwait,,,,,

The two delayed signals resetSig and setMaxSig produce functions that describe how the
current state of the timer should be changed upon receiving input on the reset and max
channels, respectively. To this end, we assume that min : Nat — Nat — Nat implements a
function that produces the minimum of two natural numbers. We then interleave these two
signals using function composition, i.e., if both signals produce a function at the same time
we sequentially compose them:

inputSig :: @ (Sig (Nat X Nat — Nat X Nat))
inputSig = interleave (box (o)) resetSig setMaxSig

We then compose the functions produced by inputSig with the start function to produce
functions that describe how to restart the timer signal in reaction to a reset or max input. We
can then use this as the switching signal for the switchR combinator to obtain the desired
behaviour:

restartSig :: @ (Sig (Nat X Nat — Sig (Nat X Nat)))
restartSig = mapAwait (box (Af. start o f)) inputSig

timerMaxSig :: Sig (Nat X Nat)

timerMaxSig = switchR (start (0, 100)) restartSig
timerSig : Sig Nat

timerSig = map (box (A (n, _). n)) timerMaxSig

The final signal timerSig is then produced by simply projecting to the first component, i.e.,
forgetting the component that stores the maximum.
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integral : Float — Sig Float — Sig Float

integral cur (0 :: xs) = cur :: delay (integral cur (adv xs))

integral cur (x :: xs) = cur :: delay (case select xs wait gumple of
Left xs’ _ . integral cur xs’
Right xs’ dt. integral (cur + x X dt) (x :: xs”)
Both (x' ::xs") dt. integral (cur +x’ X dt) (x’ :: xs"))

derivative : Sig Float — Sig Float
derivative xs = der 0 (head xs) xs where
der : Float — Float — Sig Float — Sig Float
derQlast (x::xs) =0:: delay (let x’ :: xs’ = adv xs
inder ((x' —x) [ readsqmpie) x (x' :: x5"))
der d last (x :: xs) =d :: delay (case select xs waitsqmpie Of
Left xs’ _ .derd last xs’
Right xs’ dt .der ((x —last) [ dt) x (x 2 xs")
Both (x' ::xs") dt. der ((x' — last) [ dt) x' (x’ ::xs"))

Fig. 3. Integral and derivative signal combinators.

3.5 Integral and derivative

Buffered-push input channels can be used to represent input signals that change at discrete
points in time, but whose current value can be accessed at any time. For example, given a
buffered-push channel « :;, A € A, we can construct the following signal (using sigAwait,
from section 4.1):

sig, - SigA
sig, =read, :: sigAwait,,

To illustrate what we can do with such input signals, we assume that Async RaTT is extended
with a stable type Float together with typical operations on floating-point numbers. Figure 3
gives the definition of two signal combinators that each take a floating-point-valued signal
and produce the integral and the derivative of that signal. To this end, we assume a buffered-
push channel sample :;, Float € A that produces a new floating-point number s at some fixed
interval (e.g., 10 times per second). This number s is the number of seconds since the last
update on the channel, e.g., s = 0.1 if sample ticks 10 times per second.

The integral combinator produces the integral of a given signal starting from a given
constant that is provided as the first argument. Its implementation uses a simple approxima-
tion that samples the value of the underlying signal each time the sample channel produces
a value and adds the area of the rectangle formed by the value of the signal and the time
that has passed since the last sampling.

The first equation of the definition is an optimisation and could be omitted. It says that
if the current value of the underlying signal is 0, we simply wait until the underlying signal
is updated, since the value of the integral won’t change until the underlying signal has a
non-zero value. Hence, we don’t have to sample every time the sample channel ticks.
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Similarly to integral, we can implement a function derivative that, given an underly-
ing floating-point-valued signal, produces its derivative. Like the integral function, also
derivative samples the underlying signal every time sample ticks. To do so it uses the auxil-
iary function der, which takes two additional arguments: the current value of the derivative
and the value of the underlying signal at the time of the most recent input from of the
sample channel. Similarly to integral, the first line of der performs an optimisation: If the
computed value of the derivative is 0, the sampling will pause until the underlying signal
is updated. As soon as it does, the signal behaves as if sample has just ticked in order to
provide a timely update of the derivative.

These two combinators can be easily generalised from floating-point values to any vector
space. This can then be used to describe complex behaviours in reaction to multidimensional
sensor data.

3.6 Elaboration of surface syntax into core calculus

To illustrate how the surface language used in this section elaborates into the Async RaTT
core calculus, we reconsider the definition of map:

map : [0 (A — B) — SigA — Sig B
map f (x::xs) =unbox f x :: delay (map f (adv xs))

The syntactic sugar of this definition elaborates to the following term in plain Async RaTT:
map =fixr.Af.As.let x =y (out s) in let xs = mp(out s)
in into(unbox [ x, delayy ) (advy r f (adv xs)))

Recall that s :: ¢ is a shorthand for info (s, t). Pattern matching is translated into the corre-
sponding elimination forms, out for recursive types, xr; for product types, and case for sum
types. The recursion syntax — map occurs in the body of its definition — is translated to
a fixed point fix r.t so that the recursive occurrence of map is replaced by advy r. Hence,
recursive calls must always occur in the scope of a v/, which is the case in the definition
of map as it appears in the scope of a delay. The syntactic sugar elides the subscript ¢/ (xs)
of delay, which can be uniquely inferred from the fact that we have the term adv xs in the
scope of the delay.

In addition, we make use of top-level definitions like map and scan, which may be used
in any context later on. For example, scan is used in the definition of scanAwait in the scope
of a v/. We can think these top-level definitions to be implicitly boxed when defined and
unboxed when used later on. That is, these definitions are translated as follows to the core
calculus:

let scan=box(...) in

let scanAwait = box(. . . (unbox scan) . ..)) in
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4 Operational Semantics and Operational Guarantees

We describe the operational semantics of Async RaTT in two stages: We begin in section 4.1
with the evaluation semantics that describes how Async RaTT terms are evaluated at
a particular point in time. Among other things, the evaluation semantics describes the
computation that must happen to make updates in reaction to the arrival of new input
on a push channel. We then describe in section 4.2 the reactive semantics that captures
the dynamic behaviour of Async RaTT programs over time. The reactive semantics is
a machine that waits for new input to arrive, and then computes new values for output
channels that depend on the newly arrived input. For the latter, the reactive semantics
invokes the evaluation semantics to perform the necessary updating computations.

Finally, after demonstrating the operational semantics on an example in section 4.3, we
conclude the discussion of the operational semantics in section 4.4 with a precise account
of our main technical results about the properties of the operational semantics: productivity,
causality, signal independence, and the absence of implicit space leaks. To prove the latter,
the evaluation semantics uses a store in which both external inputs and delayed computations
are stored. Delayed computations are garbage collected as soon as the data on which they
depend has arrived. In this fashion, Async RaTT avoids implicit space leaks by construction,
provided we can prove that the operational semantics never gets stuck.

4.1 Evaluation semantics

Figure 4 defines the evaluation semantics as a deterministic big-step operational semantics.
We write (t; o) J* (v; T) to denote that when given a term ¢, a store o, and an input buffer
¢, the machine computes a value v and a new store 7. During the computation, the machine
may defer computations into the future by storing unevaluated terms in the store o to
be retrieved and evaluated later. Conversely, the machine may also retrieve terms whose
evaluation have been deferred at an earlier time and evaluate them now. In addition, the
machine may read the new value of the most recently updated push channel from the store
o and read the current value of any buffered channel from the input buffer :.

Up to this point we have used the term clock to refer to both clock expressions (i.e.,
expressions involving ¢l () and clock union LI) and actual clocks (i.e., sets of push channels).
When discussing the operational semantics, we have to be more precise about the distinction
between these two. Therefore, we use 6 to refer to clock expressions and © to refer to clocks.
When the machine encounters a clock expression 6, it has to evaluate 8 to a corresponding
clock |6]. This occurs, for example, in the semantics for delay,, which we return to shortly.

To facilitate the delay of computations and their resumption at a later time, the syntax
of the language features heap locations /, which are not typeable in the calculus but may
be introduced by the machine during evaluation. A heap location represents a delayed
computation that can be resumed once a particular clock has ticked, which indicates that
the data the delayed computation is waiting for has arrived. To this end, each heap location
[ is associated with a clock, denoted c¢/(l). As soon as the clock cl () ticks, the delayed
computation represented by / can be resumed by retrieving the unevaluated term stored
at heap location / and evaluating it. We write Loc for the set of all heap locations and
assume that for each clock 0, there are countably infinitely many locations / with ¢l (/) = ©.
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Fig. 4. Operational semantics.
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A clock O is a finite set of push channels drawn from A, and ticks whenever any of its
channels « € O is updated. For example, assuming an input context A for a GUI, the clock
{keyPressed, mouseCoord} ticks whenever the user presses a key or moves the mouse.

Delayed computations reside in a heap, which is simply a finite mapping r from heap
locations to terms. Of particular interest are heaps 1 whose locations, denoted dom (1),
each have a clock that contains a given input channel «:

Heap" = {n € Heap |Vl € dom (n) .k € cl(l) }

It is safe to evaluate terms stored in a heap 1 € Heap® as soon as a new value on the input
channel « has arrived. This intuition is reflected in the representation of stores o, which
can be in one of two forms: a single-heap store 1, or a two-heap store ny (k > v) . with
nn € Heap®. We typically refer to iy, as the later heap, which is used to store delayed
computations for later, and to 1y as the now heap, which stores terms that are safe to be
evaluated now. The {(«x > v) component of a two-heap store indicates that the input channel
k has been updated to the new value v. The machine can thus safely resume computations
from 1 since the data that the delayed computations in 77y were waiting for has arrived.

Let’s first consider the semantics for delay: To allocate fresh locations in the store,
we assume a function alloc, which, if given a clock ® and a store 77, or ny (k — V) 1,
produces a location [ ¢ dom (nr) with cl(l) =©. The semantics of delay then stores the
argument term ¢ at that newly allocated location /, which results in a store 7,/ + ¢ or
nn (k> v)nr,l— t, respectively, where 1, [ +— ¢ denotes the heap n, extended with the
mapping [ — ¢. The machine also has to evaluate the clock expression 6 to a clock ||
defined as follows:

lel(D)] = cl (1) el (wait, )| = {x} loue’|=16]u|e’|

Also never allocates a fresh heap location /, but it doesn’t store any term at that location.
Since the allocated location [ has the empty clock — which never ticks — the machine will
never try to read from location /.

The semantics for adv has two cases: In the case for adv wait,, the semantics simply looks
up the value v that we have received on channel «. In the case adv [, the semantics retrieves
a previously delayed computation. The typing discipline ensures that adv v will only be
evaluated in the context of a store of the form ny (x — w) n7, where either v = wait, with
a matching channel «, or v is a location ! € dom () and therefore also « € cl(1).

The select combinator allows us to interact with two delayed computations simultane-
ously. Its semantics checks for the three possible contingencies, namely which non-empty
subset of the two delayed computations has been triggered. Each of the two argument values
vy or v, is either a heap location or of the form wait,-, and thus the machine can simply
check whether the current input channel « is in the clocks associated with vy, v,, or both.
Depending on the outcome, the machine advances the corresponding value(s).

Finally, the fixed point combinator fix is evaluated with the help of the combinator dfix,
which similarly to heap locations is not typeable in the calculus but is introduced by the
machine. Intuitively speaking, we can think of a value of the form dfixx.r as shorthand
for Af.(delay(fix x.t)). That is, dfix x.t is a thunk that, when given a clock 6, produces a
delayed computation on 6, which in turn evaluates a fixed point once 6 ticks. The action of
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Fig. 5. Reactive semantics.

the advy combinator for @ can thus also be interpreted as first providing the clock 8 and
then advancing the delayed computation delay,(fix x.t), which means evaluating fix x.t.
The evaluation semantics of the remaining language constructs is entirely standard.

4.2 Reactive semantics

An Async RaTT program interacts with its environment by receiving input from a set of
input channels and in return sends output to a set of output channels. The input context
A describes the available input signals. In addition, we also have an output context I[',,,,
that only contains variables x : A, where A is a value type. We refer to the variables in
I",us as output channels. Taken together, we call the pair consisting of A and I, a reactive
interface, written A = T',,;.

Given an output context 'y,; =x1 : Ay, ..., X, : Ay, we define the type Prod (I',,,) as the
product of all types in Iy, i.e., Prod (I'y,;) = Sig A1 X - - - X Sig A,,. The n-ary product type
used here can be encoded using the binary product type and the unit type in the standard
way. An Async RaTT term ¢ is said to be a reactive program implementing the reactive
interface A = I, denoted t : A = Ty, if Fa £ 2 Prod (Tpyy).

The operational semantics of a reactive program is described by the machine in Figure 5.
The state of the machine can be of two different forms: Initially, the machine is in a state
of the form (¢; (), where t : A = T, is the reactive program and ¢ is the initial input buffer,
which contains the initial values of all buffered input channels. Subsequently, the machine
state is a pair (N; o7; ¢), where N is a sequence of the form x| — [1, ..., x, > [,, that maps
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all output channels x; € dom (T',,;) to heap locations. That is, N records for each output
channel the location of the delayed computation that will produce the next value of the
output channel as soon as it needs updating.

The machine can make three kinds of transitions:

an initialisation transition (t;0) = (N; ;1)
. o . K=V ’
an input transition (N;m;0) = (N;nqn (k> v)ynp; )

10)
an output transition (N;ny (k> V) nL;t) = <N’; nr; L>

where O is a sequence yj— Vi,..., Y, Vv, that maps some output channels yj :
Bi,...,Ym:Bn €Ty, to values. After the initial transition, which initialises the values
of all output channels, the machine alternates between input transitions, each of which
updates the value of an input channel and possibly the input buffer (if the new input is on a
buffered channel), and output transitions, each of which provides new values for all output
channels triggered by the immediately preceding input transition.

The initialisation transition evaluates the reactive program ¢ in the context of the initial
input buffer ¢ and thereby produces a tuple (v :: 1y, ..., vy, it 1), where each component
v; i [; corresponds to an output channel x; : A; € I',,,. Each v; is the initial value of the
output channel x; and each /; points to a delayed computation in the heap ; that computes
future values of x;.

An input transition receives an updated value v on the input channel x and reacts by
updating the input buffer (if it already had a value for «) and transitioning the store 7 to
the new store [77] ¢ (k = V) [1] . This splits the heap 7 into a part where clocks contain
k and a part that where clocks do not:

[Mlee () =n(l) ifxecll) [7]ig (D =n() ifkgcl(l)

That is, in the subsequent output transition, the machine can access the new value v received
from « and read from the heap [77],, i.e., exactly those heap locations from 7 that were
waiting for input from «.

Finally, the output transition checks for each element x +— [ in N, whether it should be
advanced because it depends on k (OUTPUT-COMPUTE) or should remain untouched because
it does not depend on x (ouTPUT-sKIP). Only in the OUTPUT-COMPUTE case a new output
value for x is produced. In the end, the output transition performs the desired garbage
collection that deletes both the now heap n and the input value v (outpuT-END). This
also means that the updates performed by ouTPUT-COMPUTE, are not only possible (because
the required data arrived), but also necessary (because both the input data and the delayed
computations they depend on will be gone after this output transition of the machine).

4.3 Example

To see the operational semantics in action, we reconsider the simple GUI program from
section 3.3 and run it on the machine. To this end, we first elaborate the definition of
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toggleSig into an Async RaTT term without syntactic sugar as described in section 3.6:

toggleSig = fixr.Atog. A f .Ag.Ax.let tick = unbox tog in
switchS (unbox f x)(delay . ;cx) (adv tick; advy r tog g f))

During the execution, the machine turns fixed points like foggleSig into delayed fixed points
that use dfix instead of fix. We write toggleSig’ for this delayed fixed point, i.e., toggleSig’
is obtained from toggleSig by replacing fix with dfix. We will use the same notational
convention for other fixed point definitions and write sigAwait, and scan’ for the dfix
versions of sigAwait, and scan from section 3.1.

For the sake of simplicity, we consider a reactive program with only one output channel,

namely the program fieldl : A = T, with
fieldl =toggleSigt sy 520 A= {up p 1, toggle ) I}
t = box waitggle Ty =x: Nat
s1 =box (count sigAwait,,)
s2 = box const
That is, this program describes the behaviour of the text field that initially is in focus and
thus reacts to the ‘up’ button.

For better clarity of the transition steps of the machine, we write the machine’s store as
just the list of its heap locations, and write the contents of the locations along with their
clocks separately underneath. The first step of the machine performs the initialisation that
provides the initial value of the output signal:

(fieldl; 0) = (x > 1,3 11, 1o, I, Lu; 0)
where [ > case selectlzlyof . .. cl(ly) ={toggle, up}
I = adv wait,, :: advy sigAwait;p cl(lp) ={up}
I3 scan (box (Am.An.m+ 1)) 0 (adv ly) cl(l3) = {up}
Iy > adv waity,gge; advy toggleSig' t s> 51 cl(ls) = {toggle}
We can see that the next value for the output channel x is provided by the delayed computa-
tion at location /1, and since cl(I}) = {toggle, up} we know that x will produce a new value

as soon as the user clicks either of the two buttons. If the user clicks the ‘up’ button, the
machine produces the following two transitions:

e Dy 0y, Do, 15, 14 0) 55 (e iy o s Cup o 0) 1z 0)
S (xolsilaa s, Ig, 172 0)
where I5 > case selectl7 14 0f . . . cl(ls) ={toggle, up}
le — adv waityy :: advy sigAwait,,, cl(lg) = {up}
I7 = advy scan’ (box (Am.An.m +1)) 0 (advls) cl(l7) ={up}
The heap locations /1, I, I3 are garbage collected and only /4 survives since only the clock
of [4 does not contain up. If the user now clicks the ‘toggle‘ button, we obtain the following
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two transitions:
toggler— ()
(e lsills, le, 17;0) = (x> s;la, Is (toggle — ()) Lo, 17; 0)
g <x}—>lg;l6, l7,lg,lg;®>
where cl(lp)=0 g+ caseselectlylyof ... cl(lg) ={toggle}
lo > adv waitygge 2 advy toggleSig' t sy so  cl(ly) = {toggle}

The heap location /j is allocated by never and thus does not appear on the heap. Now the
output channel x only depends on the input channel foggle. If the user now repeatedly clicks
the ‘up’ button, no output is produced:

up—>() :
(e I s, 7, 1s, 193 0) = (v s L, by (up > () I, 1o 0) = (x> Iss Iy, 1o; 0)
= (el up o 0) I, 1930) = (v Uy I, s 0)
Finally, note that since the input context A contains no buffered input channels the input
buffer remains empty during the entire run of the program.

4.4 Main results

The operational semantics presented above allows us to precisely state the operational
guarantees provided by Async RaTT, namely productivity, causality, the absence of implicit
space leaks, and signal independence. We address each of them in turn.

4.4.1 Productivity

Reactive programs ¢ : A = T',,; are productive in the sense that if we feed ¢ with a well-typed
initial input buffer and an infinite sequence of well-typed inputs on its input channels, then
it will produce an infinite sequence of well-typed outputs on its output channels. Before
we can state the productivity property formally, we need to make precise what we mean by
well-typed:

¢ An input buffer ¢ is well-typed, denoted +¢: A, if F ¢(x) : A for each « such that
kpA€Aork:, AEA.

¢ An input value « — v is well-typed, written F k —» v: A, if k. A€ Aand F v : A.

¢ A set of output values O is well-typed, written + O : T',,;, if for all x —v € O, we
have that x: A€, and + v : A.

We can now formally state the productivity property as follows:

Theorem 4.1 (productivity). Given areactive program? : A = I',,,, well-typed input values
Fk;—v; A for all i e N, and a well-typed initial input buffer + ¢ : A, there is an infinite
transition sequence

K1V

00 Ko—Vo 01
(t;10) = (No; 0; to) = (No; 005 t1) = (Ni3171511) = ...

with+ O; : T, for alli € N,
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While a reactive program will always produce a set of output values O;;; for each
incoming input value «; — v;, this set may be empty. This happens if none of the heap
locations in N; depends on the input «;, i.e., if k; & c[([) for all x — [ € N;. As we will see in
Proposition 4.3, this will necessarily be the case for inputs « :; A € A that are buffered-only.

4.4.2 Causality

In the following, we refer to the transition sequences for a reactive program ¢ obtained by
Theorem 4.1 simply as well-typed transition sequences for 7.
A reactive program ¢ is causal, if for any of its well-typed transition sequences

O KoV O, K1V
(t;10) = (Nosmos o) = (No; o0 11) = (Nismisu) = ...
each set of output values O, only depends on the initial input buffer ¢y and previously
received input values «; — v; with i < n. This property follows from Theorem 4.1 and the
fact that the operational semantics is deterministic in the following sense:

Lemma 4.2 (deterministic semantics).

(i) {t;0) Yt (vi;00) and {t; o) J* (va; o) implies that v| = v, and that oy = 07,.
(g
(ii) ¢ = cyandc = co implies ¢y =cy.

O1 Oy . .
(iii) ¢ = c¢1 and ¢ = ¢, implies 01 =0, and c1 = c3.

Hence, O,, is uniquely determined by ¢g and «; — v; for all i < n.

4.4.3 Implicit space leaks

The operational semantics of Async RaTT is formulated in such a way so that after each
pair of input/output transitions

K=V N oo
(N3 0) = (Nspv (ko vy sy = (Nl )

all heap locations [ in 1 that depend on «, i.e., those with « € c/(l), are moved into 77y
after the input transition, and then 7, is garbage collected after the output transition. That
is, a delayed computation at location / is only kept in memory until its clock ¢/ (/) ticks.
Likewise, the input « — v is garbage collected after each output transition. The machine
only keeps the latest value of buffered channels in its buffer «. The productivity property
demonstrates that this aggressive garbage collection strategy is safe: The machine never
gets stuck due to an attempt to dereference a garbage-collected heap location.

4.4.4 Signal independence

From the definition of the reactive semantics we can see that the machine only updates an
output channel x : A € T',,,, if it depends on the input value k +— v that has just arrived, i.e.,
if the machine is in a state (N;ny (k — v) ;1) with k € c/(N(x)). However, the typing
system allows us to give two useful static criteria for when « ¢ ¢l (N (x)) is guaranteed and
thus the output signal x need not (and indeed cannot) be updated.

First, values received on buffered-only channels will never produce an output:
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Proposition 4.3 (buffered signal independence). Ift: A= T, is a reactive program and
Oy KoH>Vo O K1V
(t;00) = (Nosmos o) = (Nos 005 t1) = (Ni3m1511) = ...
is a well-typed transition sequence for t, then Oy is empty whenever k; :p A € A for some
A.

Secondly, the input context A for a given output signal implementation gives us an upper
bound on the push channels that will trigger an update:

Theorem 4.4 (push signal independence). Suppose (f1,...,t,;) : A=T,, is a reactive
program with [y, =x1:Aq, ..., % : A, such that also f;: A" = (x;: Aj) is a reactive
program for some j and A’ C A. Given any well-typed transition sequence for (1, ..., t;)
O KoV o K1V
(1 s tm) 5 0) = (Nos 1103 t0) = (Nos 003 1) = (N3 s 1) = ...
then x; v € O implies that x; € dom (A’). In other words, the output channel x; is only
updated when inputs in A’ are updated.

5 Metatheory

In this section, we prove the operational properties presented in section 4.4, namely
Theorem 4.1, Proposition 4.3, and Theorem 4.4. All three follow from a more general
semantic soundness property. To prove this property, we first devise a semantic model of
the Async RaTT calculus in the form of a Kripke logical relation. That is, the model consists
of a family [A](w) of sets of closed terms that satisfy the soundness properties we are
interested in. This family of sets is indexed by a world w and is defined by induction on the
structure of the type A and world w. The soundness proof is thus reduced to a proof that
Fat: A implies ¢ € [A](w), which is also known as the fundamental property of the logical
relation.

5.1 Kripke logical relation

The worlds w for our logical relation consist of two components: a natural number n and a
store 0. The number n allows us to model guarded recursive types via step-indexing (Appel
and McAllester, 2001). This is achieved by defining [@A](n + 1, o) in terms of [A] (n, o)
for some suitable o’. Since recursive types Fix @.A unfold to A[@(Fix a.A)/a], we can
define [Fix a.A](n+ 1, o) in terms of [A](n+ 1, o) and [Fix @.A](n, o), which is well-
founded since in the former we refer to the smaller type A and in the latter we refer to a
smaller step index n.

A key aspect of the operational semantics of Async RaTT is that it stores delayed com-
putations in a store 0. Hence, in order to capture the semantics of a term ¢, we have to
account for the fact that # may contain heap locations that point into some suitable store o.
Intuitively speaking, the set [A](n, o) contains those terms that, starting with the store o,
can be evaluated safely to produce a value of type A. Ultimately, the index o enables us to
prove that the garbage collection performed by reactive semantics is indeed sound.
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What makes [A](n, o) a Kripke logical relation is the fact that we have a preorder <
on worlds such that (n, o) < (n’, 0’) implies [A](n, o) C [A](n’, o). We can think of
(n’,0’) as a future world reachable from (n, o), i.e., it describes how the surrounding
context changes as the machine performs computations. There are four different kinds of
changes, which we address in turn below:

Firstly, time may pass, which means that we have fewer time steps left, i.e., n>n’.
Secondly, the machine performs garbage collection on the store o-. The following definition
of the garbage collection function gc describes this process:

ge(nL) =nr ge(nn (k> vynr) =nL

Third, the machine may store delayed computations in o, which we account for by the order
C on heaps and stores:

n(l) =n'(1) for all I € dom () nNEny  nLEng

ncn NN (K= V) L Eny (k= v) 0y

That is, o C o iff o’ is obtained from o by storing additional terms. The following lemma
shows how the order C indeed captures how the store evolves during evaluation:

Lemma 5.1. If {t;0) | (v;0o'), then o Co’.

Proof Straightforward induction on (t; o) ||* (v; o). [ |

Finally, the machine may receive an input value x — v, which is captured by the following

order Eé on stores:

ocCo’ nLEn; K:e AEA Fv:A nn € Heap®

A A
oC, o’ nLE, N (k= v)ng

That is, in addition to the allocations captured by C, the order may also introduce an input
value k — v.
Taken together, we can define the Kripke preorder < on worlds as follows:

(n,o)s(n',0’) iff n>n’andoC)) o’

This preorder does not include garbage collection, as it is only sound in certain circum-
stances. Indeed, the machine performs garbage collection only at certain points of the
execution, namely at the end of an output transition.

Finally, before we can give the definition of the Kripke logical relation, we need to
semantically capture the notion of input independence that is needed both for the oper-
ational semantics of select and the signal independence properties (Proposition 4.3 and
Theorem 4.4). In essence, we need that a heap location / in the world (n+ 1, o) should
still be present in the future world (n, c’) in which we received an input on a channel
k & cl (). We achieve this by making the logical relation [@A](n, o) satisfy the following
clock independence property:

Ifl e [[@A]] (I’l, 0'), thenl € [[@A]] (n, [O-]cl(l))
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where [0 g restricts o to heap locations whose clocks are subclocks of ©:
[n]e (1) =n(l) ifcl(l) C©

[Mv]le (k= V) [nL]le ifke®
(7L]e ifk¢g®

The full definition of the Kripke logical relation is given in Figure 6. In addition to the
aspects discussed above, it is parameterised by the context A and distinguishes between the
value relation V) [A] (w) and the term relation 74 [A] (w). The two relations are defined by
well-founded recursion by the lexicographic ordering on the tuple (n, |A|, e), where |A| is
the size of A defined below, and e = 1 for the term relation and e = O for the value relation.

[N (k= Vv)nLle =

la| = @Al =|@A| = 1| = |Nat| = 1
|[AXB|=|A+B|=|A— B|=1+|A|+|B|
|OA| = |Fixa.Al=1+]A|

Note that in the definition for VA[@A] (n+ 1, o), we use the shorthand o (1) for 1., (1),
where 77, is the later heap of 0.

Our goal is to prove the fundamental property, i.e., that ko ¢ : A implies ¢ € TA[A] (n, o),
by induction on the typing derivation. Therefore, we need to generalise the fundamental
property to open terms as well. That means we need a corresponding logical relation for
contexts as well, which is given at the bottom of Figure 6. The interpretation of vj in a
context is quite technical, but is essentially determined by the interpretation of @ due to
the requirement of being left adjoint (Birkedal et al., 2020).

The definition of CA[I'] (n, o) follows roughly the structure of the store o: If T" con-
tains a tick v4, then o must contain a tick (x+ v) on a channel « contained in 6.
Otherwise, Ca[I'] (n, o) is empty. Consequently, since stores may contain at most one
tick, CA[['] (n, o) is only non-empty for contexts I that contain at most one tick. This
restricted semantic definition suffices, since any closed term p #: A can be typed in a
slightly modified type system that allows at most one tick in the context and which replaces
the typing rule for delay with the following rule:

IO, v rat: A
I'tadelayyt: @A

5.1)

The context I'C, which we define below, is tick-free so that ['C, v has exactly one tick.

The definition of I'© is motivated by the idea that any variable occurring to the left
of a tick v can only be used in two ways: Either it can be used directly via the variable
introduction rule if its type is stable, or it can be used via adv or select if its type is of the
form @A. To capture this pattern, we define the notion of a later type, which is any type
of the form @A and any stable type. Using this terminology, we define the context I'© as
follows:

IO,x:A if Aisalater type
O=. (I, v)© =r" (I, x: A)O = PP

ro otherwise
That is, I'© removes all ticks from I" and only keeps variables that either occur to the left
of atick in I" and are of stable type, or that do not occur to the left of a tick in I" and are of
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Valll w)={0},
Va[Nat] (w) = {suc" 0|neN},

VATA X B] (w) = {(v1,v2) | vi € VA[A] (W) Ava € VA[B] () } .

VA[A+B] (w) = {inl v | v e VA[A] (w)} U {in2 v | v € VA[B] (w) }
VAJA— B] (n,0) = {/lx.t ‘ Yo' 36 o,n’ <n,v e VZ[A] (n', o) .t[v/x] € TA[B] (n’, o) }

VA[OA] (n, o) = {boxt | teTA[A] (n,0)}

VAI@A] (0, o) = {dfix x.t | dfix x.t a closed term }
VA[@A] (n+1,0) = {dﬁxx.t | t[dfix x.t/x] € Ta[A] (n, 0) }

VA[@A] (0, 0) = Loca U {waity | k:c A€ A, c€{p,bp}}

Vkecl(l),rv:A(k).
o (1) € TAIAL (1. [[ge(@)] et > Wge(@) g ) }
UA{waity | k:c A€ A, ce{p, bp}}

ValFix a.A] (w) = {into v | veV\[A[O(Fixa.A)/a]] (w)}

VA[®A] (n+1,0) = {l € Locp

tclosed, VFi: AVo' Qé o. 3o, v. }

TAlA] (n, o) =
a[A] (n, o) {t ("YU (via”) Av e VALA] (n, )

Cal-] (w) = {*}
Call,x: A] (w) ={y[x > V] |y € CA[T] (W), v € VA[A] (w) }
CAlT. vo] (n,nn (k= v)mpL) =

{y cCalrl (n+1, e [17],)

(1L)e = 17 ]e - [1n)e = [y » 1y € Heap®,
Fv:A(k), k€O, and © C domy, (A), where © = |0y|

Using

domy (A) ={x|3A,ce{p,bp}.k:c AcA} Locp = {l € Loc | cl(l) € domy (A)}

Fig. 6. Logical relation.

a later type. For example, if
I'=x; :1 — Nat, x5 : @Nat, x3 : @(Nat — Nat), Vi x,) X4 : @Nat, x5 : Nat, x¢ : 1 — Nat

then I'©C = x3 : @ (Nat — Nat), x4 : @Nat, x5 : Nat.
The following lemma shows that I" O ) Fat: A whenever I, ) Fa t: A, which allows
us to transform any typing derivation so that it uses the revised typing rule (5.1) for delay.

Lemma 5.2. IfT,T" o t: A and T not tick-free, then TO, T” kp t : A.

Proof We proceed by induction on the structure of I', [ ko £ : A.
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o Lett=x.Ifx:AeTl”, then TO,I” kA x : A follows immediately. If x : A €T, then A
must be a stable and thus x : A € ['© as well. Hence, we also have I'C, IV 5 x : A.

* Let t=advv. Since I'” contains a tick, we have that I'” is of the form I't, vy, >
with I, tick-free and T, T’ ko v : @A. It remains to be shown that TO, | ko v : @A.
The only non-trivial case is when v is a variable x with x : @A €I'. Since @A isnot a
stable type, I must be of the form I'3, x : @A, 'y with I'4 and I'; tick-free. Since @A
is a later type, we thus have that TO =T'C, x : @A, F?, and thus TO, T'| Fpo v : OA.

* The arguments for select and advy are analogous to the argument for adv above.

¢ The case for box and fix follows immediately from the fact that (I", I'") U= (@O, mH.

» The remaining cases follow immediately from the induction hypothesis. The case for
delay additionally requires the property that I', I +4 6 : Clock implies TO, T k5 6 :
Clock, which follows by a straightforward induction on 6. [ ]

Next, we need to establish the closure properties of the logical relations that allow us to
prove their fundamental property. The central property of a Kripke logical relation is the
preservation under the Kripke preorder <:

Lemma 5.3. Letn>n’, and o Eé o’.
(i) VA[A] (n, o) S VA[A] (W, ).
(ii) Ta[A] (n, o) CTA[A] (7', o).

(iii) CA[T] (n,0) CCA[T] (', o).

Proof (i) and (ii) are proved by a well-founded induction using the same well-founded
order that we used to argue that both logical relations are well-defined. (iii) is proved by
induction on the length of I", and using (i). [

We have that the term relation subsumes the value relation:
Lemma 5.4. VA[A] (w) € Ta[A] (w).

Proof Let t € VA[A] (n, o), and ¢’ Qé o and +¢: A. By inspection of the definition of
Va[A] (n, o), we obtain that 7 is a value and thus {¢; o’) |J* {(t; 0”’). By Lemma 5.3, we
have that t € VA[A] (n, o). |

Intuitively speaking, stable types are time independent, i.e., values of stable types can
be used at any time in the future. This intuition is confirmed by the following property that
states that the value relation for stable types is independent of the store o:

Lemma 5.5. VA[A] (n, o) = VA[A] (n, 0) for any stable type A.

Proof By straightforward induction on the size of A. ]

The reactive semantics performs garbage collection after each output step. To show that
this is sound, we need that the logical relation is closed under performing such garbage
collection on the store . However, we only need this property for elements of the language
that can be moved across time steps, namely for values of stable types, which can be moved
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into the future unchanged, and values of types of the form @A, which can be advanced
in the appropriate next time step. That is, the logical relation need only be closed under
garbage collection for later types. To account for this also on the level of typing contexts,
we further extend the notion of later types to contexts. We thus call any tick-free context a
later context if it only contains variables x : A where A is a later type.

Lemma 5.6. (garbage collection)

(i) VA[A] (n, o) CVA[A] (n, gc(0)) if A is a later type.
(ii) CA[T] (n, o) € CA[T] (n, gc(0)) if T is a later context.

Proof If A is a stable type, then (i) follows immediately from Lemma 5.5. Otherwise, if
A =3B, then (i) follows immediately from the definition of the value relation. (ii) follows
from a simple induction argument on the length of I" using (i). [ ]

Moreover, the clock independence property holds for both the value and context relations:
Lemma 5.7.

(i) Ifv e VA[@A] (n, o), thenv € VA[@A] (n, ), for any o’ with [07] iy = [0 T i)
(ii) If y € CAIT 4] (n, ), then y € CAI. %o (. [ )

Proof Both items are proved by inspection of the definitions of VA[@A] (n, o) and
CAll', vo] (n, o), respectively. ]

The fact that (i) holds for VA[@A] (n, o) but not for Ta[@A] (n, o) is the reason we
needed to restrict the calculus so that adv and select may only be applied to values.

Finally, the closure properties established above allow us to prove the soundness of the
language in the form of the following fundamental property of the logical relation:

Theorem 5.8. Given I'p, ka1 : A, and y € CA[[] (1, 0), then ry € TA[A] (n, o).

Proof The proof proceeds by structural induction on ¢. If #y is a value, it suffices to show that
ty € Va[A] (n, o), according to Lemma 5.4. In all other cases, to prove ty € TA[A] (n, o),
we assume some input buffer - ¢ : A and store o’ Qé o, and show that there exists o’ and v
such that (ty; o) | (v;o”’) and v € VA[A] (n, 0”’). By Lemma 5.3 we may assume that
¥ € CA[I'] (n, o). In addition, Lemma 5.2 allows us to assume the revised typing rule (5.1)
for delay.

The induction proof on ¢ makes use of the aforementioned closure properties of the
logical relations. We include the full details of this induction argument in Appendix A. =

Note that the proof uses Lemma 5.2 to transform the typing derivation on the fly so that
it effectively uses rule (5.1) for delay.
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5.2 Operational properties

We close this section by showing how we can use the fundamental property to prove the
operational properties presented in section 4.4, namely Theorem 4.1, Proposition 4.3, and
Theorem 4.4.

5.2.1 Productivity

In the following we assume a fixed reactive interface A = I, for which we define the
following sets of machine states /,, and S, for the reactive semantics:

Li={{t;0)| Fe: ANt € Ta[Prod (Tou)] (n,0) }
Sp= {(N;n;L>| Fe:AAYx e N3x: A€yl e VA[O(SigA)] (n,n) }

Intuitively speaking, I,, is the set of initial machine states from which the machine can
safely run for n steps, and S, is the set of machine states from which the machine can safely
run for n more steps. In the definition of /,, and S,, as well as the proofs below we make use
of the notion of well-typedness for input buffers, input values, and output values, which are
presented in the beginning of section 4.4.1. The following lemma shows that the typing of
closed values coincides with the value relation for value types:

Lemma 5.9. Let A be a value type. Then v € VA[A] (n, o) iff ra v : A.

Proof Straightforward induction on A. ]

This fact can be used together with the fundamental property to prove the following
lemma, which essentially states that the machine stays inside the sets of states /,, and S,
defined above and will only produce well-typed outputs.

Lemma 5.10 (productivity).

(i) Ift :A=T,andvo: A, then (t;1) €I, foralln € N.
10)
(ii) If {t; 1) € I,, then there is a transition (t; 1) = (N; n; 1) such that (N;n; ) € S,, and
FO :Tou
(iii) If {N;n;1) € Sps1 and k> v: A, then there is a sequence of two transitions

K> o
(N;m;0) = (N;o;0y=(N";n’; ') such that (N';n"; /')y € Sy and + O : Tyyy.
Proof

(i) We need to show that ¢ € Ta[[Prod (Tpy)] (n, 0). Since ¢ : A = T, we know that
Fat: Prod (T'py). Hence, by Theorem 5.8, we have that ¢ € 7x[Prod (T'u)] (1, 0).

(i) Let (;0)el,. We thus have te€Ta[Prod (Tyy)] (n,0).  Hence,
HOYU ((vizwr, . venwe) sy with v e VA[A;] (n,p)  and  w; €
Va[O(Sig A;)] (n,17). Since Sig A; is not a value type, w; cannot be of the
form wait,.. Hence, by the definition of the value relation, each w; must be some heap

PV,..., Xk

. L. X Vg
location /;. Hence, by definition, (z;¢) : g iy, xee g
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and (x; —1,...,xx = Ilx;n;0) €S,. Since each A; is a value type, we know that
v; € Va[A;] (n,n) implies F v; : A; and thus Fx1 > vy, ..., xg > v Doy

(iii) By definition, we have (N;n; () = (N;o;1), where 0 =[] o (k> V) [1] g, ' =
t[k > v] if k € dom (v), and " = ¢ otherwise. To construct the second transition step,
we show the following more general property:

10)
If ' J0,N; CN, then (Ny;07;/)y= (Ny;n’; ),

(5.2)
such that (Np;n’;') €S, gc(c’)Cn’, and + O : T,y

o
From (5.2), we then obtain that (N; o; /) = (N’;n’; '), with (N’;n’; /) € S,, and
F O : Ty, We conclude this proof by proving (5.2) by induction on the size of Nj.
Since o’ 2 o, we know that o’ =iy (k= v) n with gy 3 [17].c and nz 3 [7] ¢

¢ Let N| =-. Then, by definition, we get the transition (-; ;) - (-; gc(a’); ),
where the conditions (-; gc(o’); ') € Sy, gc(o’) Cge(o’), and +-: T, are
trivially true.

e Let Ny=x— [, N| with k¢cl(l) and x:A€T,,. By induction hypothe-
sis, we obtain a transition (N{;0’;¢) N (N5sm's ), with (Nysn's ) e
Sy, gc(o’)Cn’, and +O:T,,. By definition, we obtain the tran-
sition <x =[N}, 0, L’) é (x = 1,N5; ' L’). Since (N;nm;t) € Sp1, wWe
know that [ € VA[®(Sig A)] (n+1,n). Because of x¢cl(l), we can con-
clude that [n]cl(,) = [[n] K¢]cl(l)’ which, by Lemma 5.7, means that [ €
VA[@(Sig A)] (n+1, [n]). Since [n],Cnr=gc(c’)Cn’, we have by
Lemma 5.3 that [ € VA[@(Sig A)] (n,n’) and thus <x =1, NG L’> €S,.

e Let Ny=x+1,N] with k €cl(l) and x: A € ['p,. Since (N;n; 1) € Sps1, we
know that I € VA[@(Sig A)] (n+ 1, ), which implies adv [ € T5[Sig A] (n, o)
by definition. Hence, by definition, we obtain (adv [; o'y |¥ (v/ :: I’; 0”’) with
V' € VA[A] (n,0”’) and I’ € VA[@(Sig A)] (n, o). By induction hypothe-

sis, we obtain a transition (N’; o’ L’> é (Né; n'; L’>, with (Né; n'; L’) €
Sn, ge(o”)Cn’, and +O:T,,. Since o’Co” by Lemma 5.1, we
also have gc(o’)Cge(0”)En’. By definition, we obtain the tran-
sition <x|—>l,N{;a";L’> x»—%O <XI—)I,,N£;7]’;L’>. By Lemma 5.3 and
Lemma 5.6, we have that I’ € VA[@(Sig A)] (n,7’), and thus we also have
<x =1, Ny L’> € Sy. Inaddition, since v/ € VA[A] (n, o”’) implieska v/ : A
by Lemma 5.9, we have that - x —> v/, O : T,;. [ ]

The productivity property is now a straightforward consequence of the above lemma:
Proof [Theorem 4.1 (productivity)] For each n € N, we can construct the following finite
transition sequence s, using Lemma 5.10:

Oy KoV O, K1V O,
(t;10) = (No; o5 to) = (Nos 005 t1) = (N1 1) = ... = (Nui 10 )

with + O; : T, for all 0 <i <n. By Lemma 4.2, s, is a prefix of s,, for all m > n. We thus
obtain the desired infinite transition sequence as the limit of all s,,. |
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5.2.2 Signal independence

Also the signal independence property for buffered signals is a straightforward consequence
of Lemma 5.10:

Proof [Proposition 4.3 (buffered signal independence)] By Lemma 5.10 any input tran-
sition (N;; n;; 4;) = (N;; 0y; ti+1) in a sequence starting from (¢; (g) will be in S;. In
particular, this means that [ € VA[@(Sig A)] (1,7;) for any x [ € N; with x: A € Ty,
which in turn means that ¢l (!) € Loca. Hence, « ¢ cl (), and so O is empty. [ |

For the proof of Theorem 4.4, we first define the following sets of machine states in the
context of a partial map D that maps variables x to input contexts D ,:

T,?:{(N;n;L>| FL:AAVX—>WeN.Dy CAATx: AeTl,.weVp [O(SigA) (n,n)}

Machine states in 7”2 are maintained during the execution of the machine:

- o
Lemma 5.11. If <N;T];L>€T£_1 and (N;n;t)K=>v(N;0';L’)=><N’;r]’;L’), then
(N';n'; ) €TP.

Proof Note that o =[], (k> V) [n],, and that [5],, C7n’. Suppose x —w € N, and
note that w must be some location /, since Sig A is not a value type. Then there is
an [’ such that x +— /" € N’, and we must show that /" € Vp [@(Sig A)] (n,n’) using
the hypothesis [/ € Vp [@(Sig A)] (n+1,7). Suppose first that « ¢ c/(l). Then /" =1
and since & ¢ cl(l), we know that [1] ) = [[n]K¢]Cl(l), which, by Lemma 5.7, means
that I’ € VA[®(Sig A)] (n+1, [n] ). We can then apply Lemma 5.3 to conclude that
I'e Vp, [@(Sig A)] (n, 7).

Suppose now « € ¢/ (l). In that case, /” must have occurred by evaluating (¢’ ({); o’} |}*
W’ l';0”) for some o’,0” such that o Co’, and gc(o”)Cn’ as well as I’ €
Vo, [®(Sig A)] (n, o’). The hypothesis tells us that

n(1) € p, [@(Sig A)] (n, [n] e k=) [1]4g)

Since [77] ¢ (k= V) [1] ¢ T o', this means that (n([); o) |* (w"" ::1"; 0""’). Since n(I) =
[7]ce ()=0"(l),by Lemma 4.2, 0"’ = ¢’ and [”” =I’. From this we conclude that

I"eVp [@(Sig A)] (n,0”) CVp_ [B(Sig A)] (n, gc(”)) € Vp, [@(Sig A)] (n,n")

where the first inclusion follows from Lemma 5.6 and the second inclusion follows from
Lemma 5.3. [ ]

With the help of Lemma 5.11, we can now prove the push signal independence property:

Proof [Theorem 4.4 (push signal independence)] The initialisation transition

X1V, Xm—Vm
f—

((t1, .- tm) s W0) iy, X e Ly 105 to) = (Nos 1705 to)

is caused by an evaluation of the form ((¢1,...,%,);0) U ((vi i, ..., v i) 5 10),
which in turn means that (t;;7) U* (v, ::{;;n") for some n’,n”" with n”" Cno by
Lemma 5.1. By assumption kas #;:Sig A; and thus 7; € Ta/[Sig A;] (n, 0) for all n by
Theorem 5.8, which in turn implies /; € Va [@(Sig A;)] (n, no) for all n. Likewise, I €
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Cirpat: QA Crpt: QA I’ tick-free
T ikp cl(t) : Clock U,y T kpadve: A

CiFat: @A I'ratr: @A, O=cl(t;)ucl(t) I tick-free
[, vy, T kp selectty ty: ((A] X @Ar) + (DA] X Ar)) + (A1 X Ap)

Fig. 7. Revised typing rules for Full Async RaTT.

VA[@(Sig Br)] (n, o) foralln,andk =1,...,m.So{x; =11, ..., Xm = Lninos o) € TP
for all n, where Dy, =A" and Dy, =A, for k# j. By n applications of Lemma 5.11,
we thus obtain that (Np;n,;t,) € TIAN. In particular, N,(x;)=1" for some [’€
Va[@(Sig Aj)] (1,1,). Hence, cl(I’) Cdom (A’) and thus x; — v € O;4 implies ; €
cl(I’), which in turn implies «; € dom (A’). [ |

6 Full Async RaTT

In this section, we give a slightly more general type system that eliminates the value
restriction for clocks and for arguments of adv and select. This generalised type system,
which we refer to as Full Async RaTT, allows both adv and select to be applied to arbitrarily
terms of the appropriate type rather than just values.

The purpose of Full Async RaTT is to demonstrate that the value restriction for adv and
select does not limit the expressiveness of the Async RaTT calculus. At the same time, these
restrictions are crucial to obtain the operational properties proved in section 5: As we shall
see in section 6.3, it is not sound to apply the operational semantics of Async RaTT directly
to Full Async RaTT. However, we will show that we can transform any well-typed, closed
Full Async RaTT term into a well-typed Async RaTT term of the same type, which can then
safely run on the machine presented in section 4. This program transformation is also used
in the implementation of Full Async RaTT as an embedded language in Haskell (Bahr et al.,
2024).

Full Async RaTT shares almost all of its typing rules with Async RaTT; the only typing
rules that change are those marked with % in Figure 2. The new typing rules that replace
these in Full Async RaTT are shown in Figure 7. To distinguish the type system from that
of Figure 2, we use the symbol I instead of F.

6.1 Program transformation

In this section, we present a program transformation that turns any Full Async RaTT program
into an Async RaTT program of the same type. This program transformation accounts for
the fact that Full Async RaTT allows adv and select to be applied to non-value terms. The
program transformation is formalised as a rewrite relation — on terms defined by the
rewrite rules in Figure 8. In the following, we will explain the idea behind the rewrite
relation as well as the terminology we use to define it, in particular the notion of tick-closed
terms and the rick-substitution operation s ().
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delay ) s — let x =t indelay . (s(adv x|)) if t is not a value (T1)
delay s, cl(ry) S — let x =ty indelay vy ,,cir,) (s(select x 7)) if t1 is not a value (T2)
delay ) icir)s — lety =tindelay ) iy (s(select v y)) if tisnota value  (T3)

delayriq ) s — let x =t indelayr.yy; s if s is tick-closed and 7 not a value (T4)

For all rules, we have the side condition that s is in normal form.

Fig. 8. Rewrite rules for the transformation of Full Async RaTT terms to Async RaTT terms.

All rewrite rules replace occurrences of subterms of the form delay, s, where 6 is not
a value, i.e., 6 contains a non-value term, and where s is already in normal form, i.e., no
rewrite rule can be applied to s. The side condition on s is crucial to ensure that rewriting
is type preserving. Rule (T1) considers the case where s may contain an occurrence of
adyv that consumes the tick v4 introduced by delay, into the typing context. This can only
happen if 6 is of the form cI(¢) for some term ¢. Rules (T2) and (T3) perform an analogous
transformation, but for select instead of adv. Finally, rule (T4) considers the case where s
does not contain any occurrences of adv or select that consumes the tick v . Note that the
rules are not mutually exclusive, e.g., (T1) and (T4) may apply if 6 =c/(¢) and s does not
contain any corresponding adv. Similarly, both (T2) and (T3) may apply simultaneously
with (T4).

To see the rewrite rules in action, consider the closed Full Async RaTT term

Ax.delay, .y (delay yqay ) (suc (adv (adv x)))) 6.1)

of type @(@Nat) —» @(@Nat). It defines a function that increments a doubly-delayed
number. This term is not well-typed in Async RaTT since adv is applied to the non-value
term adv x. However, we can transform this term into a well-typed Async RaTT term that
first evaluates adv x to a value y and then applies adv to y instead of adv x:

Ax.delay . (let y = adv x in delay ., (suc (adv y))) (6.2)

Rule (T1) captures exactly this transformation. To this end, the rewrite rule use the tick-
substitution operation #(s) that replaces all occurrences of adv and select in t that are not
guarded by delay, box, or fix with s:

t(s) =1 if ¢ is of the form delay t’, box t’, or fix y.t’

t(s)

=s if ¢ is of the form adv t’ or select t1 t5
(t1 22)(s) = (¢1(s)) (z2(s)) and similarly for all other terms

Rule (T1) uses tick-substitution to replace occurrences of advt in s with adv x: Well-
typing of the term delay,;, s ensures that s does not contain select and that all occurrences
of adv are of the form adv t. Returning to the example term (6.1), we can see that we obtain
the term (6.2), by performing the following subsitution:

(suc (adv (adv x)))(adv y) = suc (adv y)

The same idea is used to account for select instead of adv. However, we have two rules,
(T2) and (T3), that handle each of the two arguments of select separately.
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Finally, we turn to rule (T4), which considers the case where delay,, is applied to a term
that has no occurrence of adv or select that consumes the tick on 6. For example, consider
the following Full Async RaTT term of type (Nat — @1) —» @ (@Nat — @Nat):

Ax.delay i o)ucix 1)uclx2) (Ay-delay .,y (suc (adv y))) (6.3)

The clock expression ¢l (x 0) U cl(x 1) U cl(x 2) is not well-formed in Async RaTT since
it contains terms that are not values. Since the argument to delay .y, ol x 1)uici(x 2) 1as no
occurrence of adv or select that consumes the tick of clock ¢l (x 0) LI ¢l (x 1) LU ¢l (x 2), the
clock expression is not of the right form for any of the first three rules to be applicable.
Rule (T4) covers exactly this case. Repeatedly applying this rule transforms (6.3) into a
term that first evaluates x 0, x 1, and x 2 to values before constructing the clock:

Axdetzo=x0inletzi=x1linletzp=x2in
delay .y ;) iicl(zy ucl(z) (Ay-delayyyy (suc (adv y)))

To understand the final rewrite rule, we need to introduce some terminology: We use the
notation 7T for a clock expression with a single hole [] and write 7'[6] for the clock expression
obtained from T by replacing the unique hole in 7' by 6. For example, if T =cl(x) U [],
then T[cl(y)] =cl(x) U cl(y). Similarly, we use the notation K for a term with a single
occurrence of a hole [], which must not be the scope of delay, adv, select, box, or fix. More
precisely, K is generated by the following grammar:

K:=[]1|Kt|tK|Ax.K|letx=Kint|letx=tinK|(K,t)|(t,K)|ini K|iny K|m K
| 73 K | case K of iny x.s;inp x.t | case s of iny x.K; iny x.t | case s of iny x.t;in, x.K
| suc K | into K | out K | unbox K | recyg (K, x y.t, u) | recng (s, x y.K, u)
| recnae (s, x y.t, K)

We write K[¢] for the term obtained from K by substituting the unique hole [] in K with
the term ¢. Finally, we say that a term 7 is tick-closed iff t is neither of the form K [adv s] nor
K [select s s']. In other words, a term ¢ is tick-closed iff any occurrence of adv and select in
¢ is in the scope of delay, box, or fix. Tick substitution is closely related to K. Namely, (s)
is the result of repeatedly applying to ¢ the rewrite relation defined by K[adv s'] — K [s]
and K [select s1 s5] — K[s].

Returning to the example, we can see that (T4) can be applied to (6.3) since the term
Ay.delay ) (suc (advy)) is tick-closed: The occurrence of adv y is guarded by delay,y,
and thus Ay.delay ) (suc (advy)) is not of the form K [adv y].

As mentioned above, sometimes more than one rewrite rule is applicable. For example,
if we have a term of the form delay,,, s where s is tick-closed and 7 is not a value, then
both (T1) and (T4) apply. However, the outcome of applying either of these rules is the
same, because s(f) = s whenever s is tick-closed.

6.2 Soundness of the program transformation

We show that the rewrite relation — is strongly normalising and type-preserving in the
Full Async RaTT calculus. Moreover, any closed Full Async RaTT term that cannot be
further rewritten is also well-typed in Async RaTT. That is, by exhaustively applying the
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rewrite rules to a closed Full Async RaTT term, we can transform it into an Async RaTT
term of the same type:

Theorem 6.1. For each IFp ¢ : A, we can effectively construct a term ¢ with t —* ¢’ and
Fat’ D A.

The proof of the above theorem can be broken down into the following three properties,
where we use the notation ¢ — to denote that there is no ¢’ with rt — t’:

(1) Exhaustiveness: If 1 —, then -5 ¢ : A implies k5 ¢ : A.
(2) Subject reduction: If I'ikp s: A and s — 7, then " IFp £ : A.
(3) Strong normalisation: There is no infinite —-reduction sequence.

Theorem 6.1 follows immediately from these three properties. We prove each of them in
turn below.

6.2.1 Exhaustiveness

To prove the exhaustiveness property, we need three lemmas that allow us to show that any
clock occurring in a term ¢ — is indeed also a well-formed clock in Async RaTT:

Lemma 6.2. Let ', vy, ko K[t] : A and T tick-free.

(i) If t =adv s, then 0 =cl(s).
(ii) If t = select t| t3, then 6 =cl(t) U cl(ty).

Proof By straightforward induction on K. ]

We say that a clock expression 6 is a value if any term ¢ occurring in 8 is a value. Any
well-formed value clock in Full Async RaTT is also a well-formed clock in Async RaTT:

Lemma 6.3. IfT Irp 6 : Clock and 6 is a value, then T -5 6 : Clock.

Proof Straightforward induction on I" IFp 6 : Clock. ]

Moreover, exhaustively applying — ensures that all clocks are indeed values:
Lemma 6.4. [fT', vy Fat: A and delay,t —, then 0 is a value.
Proof We consider two cases:

e tis tick-closed: Then delay, t — implies that 6 is a value.

e ¢ is not tick-closed: Hence, ¢ is of the form K[advs] or K|[selectt| t;], which
by Lemma 6.2 means that 0 =cl(s) or @=cl(t;) Ucl(t), respectively. Hence,
delay, t — implies that 6 is a value. ]
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The exhaustiveness property is proved by induction on the typing judgement. To this end,
we generalise the property from closed Full Async RaTT terms to open Full Async RaTT
terms in contexts that are also valid in Async RaTT:

Proposition 6.5 (exhaustiveness). If T'kp, T'ikpt: A, and t —, then T' kot : A.
Proof We proceed by induction on I"IFp ¢ : A:

* I'iFadelayyt: @A: Hence, I, vy kat: A and I'-p 0 : Clock. By Lemma 6.3 and
Lemma 6.4, we have that "+, 8 : Clock and thus T, v4 Fa. Consequently, we have
I', v Fa t : A by induction and thus I" 5 delay, t : @A.

o I', %y, I" kaadvt : A: Hence, I IF5 t : @A. From the assumption I', sy, I Fa we
obtain that ¢ is a value and that I" 5. Hence, we may apply the induction hypothesis
to obtain that I" - ¢ : @A. Since ¢ is a value, we thus have I, y), IV Faadvt : A.

e ', vy, I Ikp selectt) tr: ((A] X @A) + (DA X Ap)) + (A X Az): This follows
from an argument analogous to the one above.

* All remaining cases follow immediately from the induction hypothesis, because all
other typing rules are the same in Async RaTT and Full Async RaTT. [ ]

6.2.2 Subject reduction

The proof of subject reduction makes use of the side condition that the rewrite rules in
Figure 8 can only be applied to a term delay, s if s —. As we have shown in section 6.2.1,
this side condition ensures that any clocks in s must be values, which allows us to apply the
following lemma:

Lemma 6.6. IfT', vy, I kat: A, T'Ikp 6 : Clock, and T contains a tick on a value clock,
then T, v, T Ikp t : A.

Proof We proceed by inductionon I, v, [ ka7 : A:

 If t=adv s, then there are I'y and I'; such that I'; is tick-free, IV =T, Vi), I
and I, v5, T ko s : @A. To conclude ', v, IV Ikp £ : A, it remains to be shown that
F, \/gr s Fl FA S @A:

— If s is a value, then it is either a variable or of the form wait,. In either case, we
have that ', vp-, I'1 kA 5 : @A.

— If s is not a value, then I'; must still contain a tick on a value clock since
cl(s) is not a value. Hence, we can apply the induction hypothesis to obtain
T, \/g/ ,1Ikp s DA.

 The case r = select 1| t is similar to the previous case.

e If t=boxs,ort=fixx.s,thenI', vjp, I’ 5 1 : A follows immediately.

* The remaining cases follow immediately from the induction hypothesis. [ ]

The essence of the subject reduction property for each of the four rewrite rules is captured
by the following lemma:
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Lemma 6.7. LetT', vy, T kpt: A, t —, I tick-free, T k5 0 : Clock, and x a fresh variable

fort.

(i) If0=cl(s), then T, x : @B, Vix), " Fat(advx)) : A and T 5 s : @B for some B.
(ii) If@=cl(t1) Ucl(t2), then T, x : @B, Vli(x)uci(rr) » I Fat(select x t2)) : A and T a1 :

@B for some B.

(iii) If 6 =cl (1)) Ucl(t2), then T, x : @B, i uci(x) » I Fa t(selectty x)) : Aand T ka1

@B for some B.

(iv) If0 =T[cl(s)] andt tick-closed, thenT", x : @B, [cix)], ' Fat: AandT' k5 s : @B

for some B.

Proof We prove (i). The other three statements can be proved in an analogous fashion.
I Ikp ¢l (s) : Clock implies that I" -5 s : @B for some B. We proceed by induction on ¢:

o If 7 is of the form boxt’, delay, ', or fixx.t’, then f(advx]) =¢. By weakening,

we have T',x: @B, vg, " Fat(advx) : A. If ¢ is of the form boxt’ or fixx.t’, then
I, x: @B, Vi), " Fat{advx)) : A follows immediately from the typing rules for
box and fix. Otherwise, if t = delay, t', thenI',x : @B, v, I, vir ko t’ : A’ for some
A’ with @A’ = A. Then we can apply Lemma 6.4 to obtain that I, vy, contains
a tick on a value clock. This allows us to apply Lemma 6.6 to obtain that I, x:
@B, Vix), I, v Fat’ : A’ . Hence, I', x : @B, Vi(x), I Ika tladv x| : A follows.
The case t = select t; t, is impossible.

If t=advs’, then t(advx)=advx and A=B. Hence, I',x: @B, ix),I" a
t(adv x) : A.

* The remaining cases all follow by induction hypothesis. ]

The subject reduction property then follows from the above lemma in a straightforward
manner:

Proposition 6.8 (subject reduction). IfT'iFps: Aand s —t, then T Ikp t : A.

Proof We proceed by induction on s — ¢.

e Let s — ¢ be due to congruence closure. Then I IFp 7 : A follows by the induction

hypothesis. For example, if s = s 55, =1 s and 51 — ¢, then we know that I I
s1:B— A and I' IFp s : B for some type B. By induction hypothesis, we then have
that ' ikat; : B—> Aand thus'ikp 7 : A.

If s— ¢ is due to any of the four rewrite rules, then I'iFp7: A follows from
Lemma 6.7. For example, in case of rule (T1), we have that s=delay g s",
t=letx=1t"indelay.(s" (advx))), and 5" —. Consequently, A is of the form
@A’ forsome A" and I', y;r) Fa s” : A" and I Ik ¢l (¢') : Clock. By Lemma 6.7, we
have that I', x : @B, y(x) Fa 8" (advx|) : A’ and T" ko ¢’ : B for some B. Hence, the
typing rules for delay and let bindings apply to yield I" -5 7 : A. ]
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6.2.3 Strong Normalisation

Finally, strong normalisation of the rewrite relation follows from the observation that each
rewrite step removes at least one occurrence of a non-value clock expression ¢l (¢):

Proposition 6.9 (strong normalisation). The rewrite relation — is strongly normalising
on well-typed Full Async RaTT terms.

Proof To show that — is strongly normalising, we define for each term u a natural number
d(u) such that, whenever I' -5 u : A and u — u’, then d(u) > d(u’). By Proposition 6.8,
also I'kp u” : A and thus strong normalisation follows. Let d(¢) be defined as the number
of occurrences of clock expressions of the form ¢l (s) in ¢ where s is not a value, i.e.:

d(0,UB8y)=d(01)+d(0) d(cl(v))=0 d(cl(t))=1+d(z) if t is not a value.
d(delayy t) =d(0) +d(1) d(st)=d(s)+d(1) d(Ax.t) =d(t) etc.

We proceed by induction on u — u’:

e If u — u’ is by congruence closure, then d(u) > d(u”) follows by induction.

* Ifu=delay,, s and u’ = let x =t in delay ., (s(adv x))) where t is not a value, then
d(u)=d(t)+d(s)+1 and d(u’) =d(¢) + d(s(adv x)). Since d(adv x) =0, we have
that d(s(adv x))) < d(s), and thus we have the desired decrease d(u) > d(u’).

o u=delay. ) cir,) Sandu’ = let x =ty in delay .y ) oz, (S (select x 1)), where t is
not a value, then d(u) =d(t1) +d(cl(t;)) +d(s)+ 1 and d(u’) =d(t;) + d(cl(t2)) +
d(s(select x t2))). Since ', iz, )uci(r,) » I Fa s 1 A for some A and tick-free I, we
can use Lemma 6.2 to observe that s(select x t5)) is obtained from s by replacing
occurrences of select t1 t; with select x t;. Hence, d(s(select x t5)) < d(s), which
means that d(u) > d(u’).

* The remaining two cases follow in a similar manner. [ ]

6.3 Counterexamples

In the previous section, we have shown that we can safely execute Full Async RaTT programs
by first transforming them to a corresponding Async RaTT program of the same type and
then executing the resulting program on the machine presented in section 4. In this section,
we show that this transformation is crucial since we cannot execute Full Async RaTT
programs directly even with a suitable extension of the operational semantics.

Full Async RaTT removes the restriction of Async RaTT that adv and select can only be
used on values. Therefore, if applied to Full Async RaTT terms directly, the operational
semantics of section 4 would fail in a trivial manner by virtue of not evaluating the argument
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of adv and select. We address this by generalising the semantics in a straightforward way:
(6w ) U (waite; )
(advt:ny (k= vyn) I (vinly (k= v)nL)

o) U (L) (v Dy k> vy ) U (ws o)
(advt;nn (k= vynr) L (w; o)

Instead of expecting the argument of adv to be a value, we first evaluate the argument ¢ to
a value and then proceed as in the original semantics, but with a potentially updated now
heap 77,. A similar generalisation can be made for select. We also have to generalise the
semantics for delay so that it evaluates its clock argument to a value:

(O;0) ) (0", 0") I =alloc'?'! (o)
<delay9 t; o-> Ul (o l—1))

We elide the definition of clock expression evaluation (@;0) |J*(6’;0’), as it is
straightforward.

In the following, we construct two examples that demonstrate that this semantics may get
stuck as it tries to dereference a delayed computation that has been garbage collected in a

previous computation step. For the first example, consider the following function that takes
a signal of numbers and produces a new signal that simply repeats every other element of
the input signal:

stutter : Sig Nat — Sig Nat
stutter (x :: xs) =x :: delay (x :: delay (stutter (adv (tail (adv xs)))))

This definition elaborates into the following Full Async RaTT term:

stutter = fix r.As.let x =y (out s) in let xs = 7y (out s) in
X delaycl(xs) (x * dEZaycl(nz (out (adv xs))) (adVV r (adv (71-2 (out (adv XS))))))

We assume a push-only channel nat :, Nat € A so that we can apply stutter to the signal
0:: sigAwait,,, of type Sig Nat. Following the naming convention from section 4.3, we use
stutter’ and sigAwait,,,, for the variants of stutter and sigAwait,,, that use dfix instead of fix.
As in section 4.3, we write the machine’s store as just the list of its heap locations, and write
the contents of the locations separately underneath. We do not give the clocks of the heap
locations explicitly, since all locations in this and the next example have the clock {nat}.

We start with the initialisation step:

. . x—0
(stutter (0:: sigAwait,,,); ®> = (x> 111,15, 0)
where [} > adv waityg :: advy sigAwait,,,

Iy 0::delay iz, (out (aav1y))) (@dvy stutter’ (adv (my (out (adv 11)))))
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In the subsequent input steps, we assume that nat produces increasing numbers. As expected,
the program repeats the output O from the initialisation step:

nat—1 x—0
(o byl 1 0) "S5 (x o i 1y, b (nat — 1) 0 0) = (x — I3: 13: 0)
where I3+ advy stutter’ (adv (75 (out (adv ly))))
However, as we can already see, the delayed computation stored at /3 references /1, which

has already been garbage collected. As a result, the machine gets stuck after the next input
step:

(s 133 13 0) "5 (s 13: L3 (nat v 2) 0; 0) =

The underlying issue that makes stutter fail is that it contains two nested occurrences
of delay, which require two ticks in the context to type check. This results in two nested
occurrence of adv in the term stored at /3, which the evaluation semantics cannot support,
due to its aggressive garbage collection.

But even if we don’t allow for two nested occurrences of delay, we can still construct a
(rather contrieved) Full Async RaTT program that cannot be directly run by the machine.
This example is adaped from Bahr et al. (2019):

leaky: (1 > 1) — SigA — SigA
leaky f (x:: xs) =x :: delay (leaky (A y. adv (f (); xs); () (adv (f (); xs)))
Recall that we use the notation s; ¢ as shorthand for let x = s in ¢t for some fresh variable x.
The definition of leaky is quite elaborate, but it simply repeats the input signal it is given.
That is, leaky id : Sig A — Sig A is equivalent to the identity function. The above definition
elaborates into the following Full Async RaTT term:

leaky = fixr.Af .As.let x = 7ty (out s) in let xs = 7y (out s) in

x 2 delay (1) (advy 7 (Ay.adv (£ 0335); 0)) (adv (f ()3 x5))

We again assume a push-only channel nat :;, Nat € A so that we can construct the program
leaky id (0 :: sigAwait, ,,) of type Sig Nat. We start with the initialisation step:

(leaky id (0 :: sigAwait,,); (Z)> )29 (x> D1y, 1 0)
where [} > adv waity, :: advy sigAwait,,,
I = advy leaky’ (y.adv (id (); 1); () (adv (id (); 11))

Given an input 1 on the nat channel, the program simply repeats this input as expected:

(o b1y, 1 0) ™S (s Lo 1y, I (nat - 1) 0: 0) = (x - Ly I3, Ly 0)
where I3 — adv wait,, :: advy sigAwait,,,
ly — advy leaky’ (1y.adv ((Ay.adv (id (); 11); ) O3 13); ()
(adv ((Ay.adv (id (); 11); () O; 13))

After the next input transition, the machine gets stuck trying to evaluate the subterm
(Ay.adv (id (); 11); ()) that it encounters at heap location /4. Evaluation of this term requires
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dereferencing the heap location /1, which has been garbage collected by this time:

(x o ly; 13, 145 0) ngz (x> Uy 13, 14 (nat — 2) 0;0) =

Perhaps, a solution to address this problem is that we simply have to hold on to heap
locations for a bit longer. However, the result would be that we could run this program for
a bit longer, but it would eventually get stuck again since the reference to /; will remain in
the store indefinitely. In other words, it would require an unbounded store to safely run this
program directly.

For comparison, we consider the Async RaTT program that we obtain after applying the
program transformation to leaky:

leakyr = fixr . Af.As.let x =ty (out s) in let xs = my (out s) in
x::letd=f(); xsindelay ) (advy r (1y.adv d; ()))(adv d)

Let’s try to run this program on the machine with the same inputs from nat:

—0
(leakyy id (0 :: sigAwait,g,); 0) => (x> Lp; 11, I; 0)
where [} — adv wait, :: advy sigAwait,,,

I, = advy leakyy (Ay.adv ly; () (adv ;)

As we can see adv is now directly applied to the heap location /; instead of a term that will
evaluate to /1. This avoids the problem that an unevaluated term may contain references to
heap locations that will be garbage collected before the machine has the chance to evaluate
the term. We can see this after the next output transition:

—1 —1
(e i1, 13 0) 55 (x s sy, 1 (nat > 1) 03 0) == (x v g3 13, 143 0)
where I3 — adv wait, 3 advy sigAwait,,,

Iy ¥ advy leakyy (Ay.adv l3; () (adv I3)

Unlike the untransformed program, the heap location /4 no longer contains a reference to
the garbage collected heap location /;. We can thus safely continue the execution of the
program:

2 —2
(e L 3, 1y 0) 557 (x s Ly; I3, Ly (nat > 1) 03 0) = (x 1 I: Is, g 0)
where Is — adv wait,, :: advy sigAwait,,,

lg > advy leakyy (Ay.advls; () (adv Is)

7 Related work

Functional reactive programming originates with Elliott and Hudak (1997). The use of
modal types for FRP was first suggested by Krishnaswami and Benton (2011), and the
connection between linear temporal logic and FRP was discovered independently by Jeffrey
(2012) and Jeltsch (2012). Although some of these calculi have been implemented, they
do not offer operational guarantees like the ones proved here for lack of space leaks. The
first such operational guarantees were given by Krishnaswami et al. (2012) who describe
a modal FRP language using linear types and allocation resources to statically bound
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the memory used by a reactive program. The simpler, but less precise, idea of using an
aggressive garbage collection technique for avoiding space leaks is due to Krishnaswami
(2013). Krishnaswami’s calculus used a dual context approach to programming with modal
types. Bahr et al. (2019) recast these results in a Fitch-style modal calculus, the first in the
RaTT family. This was later implemented in Haskell with some minor modifications (Bahr,
2022).

All the above calculi are based on a global notion of time, which in almost all cases is
discrete. In particular, the modal operator O for time-steps in these calculi refers to the
next time step on the global clock. One can of course also understand the step semantics of
Async RaTT as operating on a global clock, but in our model each step is associated with an
input coming from an input channel, and this allows us to define the delay modality @ as a
delay on a set of input channels. From the model perspective, @A carries some similarities
with the type O(QA), where 0A = A + OQA is a guarded recursive type. This encoding
however, has it limitations, in particular the efficiency and abstraction problems mentioned
in the introduction.

The only asynchronous modal FRP calculus that we are aware of is Aq4e.s defined by
Graulund et al. (2021), which takes ¢ as a type constructor primitive and endows it with
synchronisation primitive similar to select in Async RaTT. However, the programming
primitives in A,,;4q. are very different from the ones use here. For example, A,iqg. allows
an element of ¢ A to be decomposed into a time and an element of A at that time, and much
programming with { uses this decomposition. There is also no delay type constructor
O, so @ is not expressible: Unlike @A, an element of O A could give a value of type A
already now. Graulund et al. provide a denotational semantics for A,;4eer, but no operational
semantics, and no operational guarantees as proved here.

Another approach to avoiding space leaks and non-causal reactive programs is to devise
a carefully designed interface to manipulate signals such as Yampa (Nilsson et al., 2002)
or FRPNow! (Ploeg and Claessen, 2015). Rhine (Birenz and Perez, 2018) is a recent
refinement of Yampa that annotates signal functions with type-level clocks, which allows
the construction of complex dataflow graphs that combine subsystems running at different
clock speeds. The typing discipline fixes the clock of each subsystem szatically at compile
time, since the aim of Rhine is to provide efficient resampling between subsystems. By
contrast, the type-level clocks of Async RaTT are existentially quantified, which allows
Async RaTT programs to dynamically change the clock of a signal, e.g., by using the switch
combinator from section 3.2.

Elliott (2009) proposed a push-pull implementation of FRP, where signals (which in the
tradition of classic FRP (Elliott and Hudak, 1997) are called behaviours) are updated at
discrete time steps (push), but can also be sampled at any time between such updates (pull).
We can represent such push-pull signals in Async RaTT using the type Sig (Time — A), i.e.,
at each tick of the clock we get a new function Time — A that describes the time-varying
value of the signal until the next tick of the clock.

Futures, first implemented in MuliLisp (Halstead, 1985) and now commonly found in
many programming languages under different names (promise, async/await, delay, etc.),
provide a powerful abstraction to facilitate communication between concurrent computa-
tions. A value of type Future A is the promise to deliver a value of type A at some time in
the future. For example, a function to read the contents of a file could immediately return a
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value of type Future Buffer instead of blocking the caller until the file was read into a buffer.
Async RaTT can provide a similar interface using the type modality @), either directly or
by defining Future as a guarded recursive type Future A = A + @ (Future A) to give Future
a monadic interface. Since Async RaTT does not require the set of push-only channels to
be finite, we could implement a function that takes a filename f and returns a result of
type Future Buffer simply as a family of channels readFile s :;, Buffer. The machine would
monitor delayed computations for clocks containing these channels, initiate reading the
corresponding files in parallel, and provide the value of type Buffer on the channel upon
completion of the file reading procedure.

As mentioned earlier, Krishnaswami et al. (2012) used a linear typing discipline to
obtain static memory bounds. In addition to such memory bounds, synchronous dataflow
languages such as Esterel (Berry and Cosserat, 1985), Lustre (Caspi et al., 1987), and Lucid
Synchrone (Pouzet, 2006) even provide bounds on runtime. Despite these strong guarantees,
Lucid Synchrone affords a high-level, modular programming style with support for higher-
order functions. However, to achieve such static guarantees, synchronous dataflow languages
must necessarily enforce strict limits on the dynamic behaviour, disallowing both time-
varying values of arbitrary types (e.g., we cannot have a stream of streams) and dynamic
switching (i.e., no functionality equivalent to the swifch combinator). Both Lustre and Lucid
Synchrone have a notion of a clock, which is simply a stream of Booleans that indicates at
each tick of the global clock, whether the local clock ticks as well.

8 Conclusion and future work

This paper presented Async RaTT, the first modal language for asynchronous FRP with
operational guarantees. We showed how the new modal type @ for asynchronous delay can
be used to annotate the runtime system with dependencies from output channels to input
channels, ensuring that outputs are only recomputed when necessary. The examples of the
integral and the derivative even show how the programmer can actively influence the update
rate of output channels.

The choice of Fitch-style modalities is a question of taste, and we believe that the
results could be reproduced in a dual context language. Even though Fitch-style uses non-
standard operations on contexts, other languages in the RaTT family have been implemented
as libraries in Haskell (Bahr, 2022). We therefore believe that also Async RaTT can be
implemented in Haskell or other functional programming languages, giving programmers
access to a combination of features from RaTT and the hosting programming language.

One aspect missing from Async RaTT is filtering of output channels. For example, it is
not possible to write a filter function that only produces output when some condition on the
input is met. The best way to do model this is using an output channel of type Maybe(A),
leaving it to the runtime system to only push values of type A to the consumers of the output
channel. This way the filtering is external to the programming language. We see no way to
meaningfully extend the runtime model of Async RaTT to internalise it.
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A Proof of the Fundamental Property

Given a heap i we use the following notation to construct a well-formed store with (x — v)
as follows:

tickisy (77) = [n]ke (k> V) [T]]Ké

Lemma A.1.

(i) If Eé o', then gc(o) C ge(a’).
(ii) ge(o) Eé o.
(iii) If n T n’ then ticky—, () C ticky (7).

Proof By a straightforward case analysis. |

Lemma A.2.

(i) [tickisy (77)]9 = tickisy ([77](9)
(ii) [ge(o)]e =gc([o]e).

Proof By a straightforward case analysis. [ ]
Lemma A.3. Let y € CA[[,T'] (n, o) such that T is tick-free. Then y|r € CA[T'] (n, o).
Proof By a straightforward induction on the length of T". [ ]
Lemma A4. [fy € CA[[] (n, o), then y|ro € CA[TZ] (1, 0).

Proof By a straightforward induction on the length of I" using Lemma 5.3 Lemma 5.5. =
Lemma A.5. Ifv is a value with v € TA[A]] (w), then v € VA[A] (w).

Proof Let v € TA[A] (n, o), and pick an arbitrary +¢: A. Since (v; o) ||* (v; o), we have
by definition that v € VA[A] (n, o). |

Lemma A.6. IfT +a 6 : Clock andy € CA[T'] (w), then 0y is a closed clock expression and
|0y| C domy, (A).

Proof We proceed by induction on I' 5 8 : Clock.

I'ka 6 : Clock I'kp 6 : Clock

. T'a0U6 : Clock
By induction, 87y and 6"y are closed and |0y| C dom (A). Hence, (A L1 6")y =0y L1 6"y
is closed and [(O L @")y|=|0y| U |0"y| C dom (A).
Trav:OA

e T'racl(v): Clock
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I'+pv: @Aimplies thatvy € VA[@A] (w) (because either v is a variable or v = wair,
for some clock «). Hence, vy € Loca U {waity | k € dom,, (A) } and thus cl(v) y is a
closed clock expression and |cl(v) y| € dom,, (A).

Lemma A.7. Let ny € Heap*, v € VA[@A] (n+ 1, (nn, [ML]g)), FL: A Fw:A(k) and
Kk € |cl(v)|. Then, for any oo Iy {(k — w) nL, there are some o’ and v’ € VA[A] (n, o)
with {adv v; o) ||* (V'; 0’).

Proof By definition, v is either some / € Loc or of the form wait, .

* In the former case, we have by the definition of the value relation and Lemma A.2,

(- [ne) () € TRLAT (. [ G w) D] ) -

In turn, this implies by Lemma 5.3 that

(ns (L] ee) (D) € TA[A] (n. N (k= w) L) .
Moreover, since « € cl(l) we know that (7n, [172],¢)(I) =1~ (1). Hence, there is a
reduction {7y (1); o) ||* (v'; o) with v’ € V) [A] (n, 0’), which by definition means
that {adv v; o) |* (v'; 07).

« In the latter case, we know that x” = k because « € |cl (wait,-)| = {k’}. Moreover, we
have that « : A € A for ¢ € {p, bp} and thus + w : A. By definition,  (k = w) ny C
o implies that o~ is of the form 7, (k — w) 1, . Hence, by definition (adv wait,; o) |}*
(w; o). Moreover, by Lemma 5.9, w € VA[A] (n, o). [

We proceed with two lemmas that allow us to reason about contexts of the form I'C,
defined in section 5.1, which we need in order to apply Lemma 5.2.

Lemma A.8. Ify € CA[['] (n, o), then y|ro € CA[TC] (n, o).

Proof By a straightforward induction on the length of I and using Lemma A.4 and
Lemma 5.3. u

Lemma A.9. IfT",T" +p 0 : Clock, then I'O,T” kp 8: Clock.

Proof Straightforward induction on I', IV -4 8 : Clock. ]
We can now give the full proof of the fundamental property:

Theorem 5.8 (Fundamental property). Given I ka, T kat: A, and y € CA[T] (n, o), then
ty € Ta[A] (n, o).

Proof We proceed by induction on the size of ¢. If #y is a value, it suffices to show that
ty € Va[A] (n, o), according to Lemma 5.4. In all other cases, to prove ty € Ta[A] (n, o),
we assume some input buffer +¢: A and store o’ 24 o, and show that there exists o
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and v s.t. (ty; o) | (v; o) and v € V) [A] (n, 0”’). By Lemma 5.3 we may assume that
v € CA[T] (n, o).

I’ tick-free or A stable
ILx: AT kpax: A

We show that xy € VA[A] (n, o). If T” is tick-free, then xy € V)[A] (n, o) by
Lemma A.3. If T” is not tick-free, then A is stable. Hence, x: A € 'Y and thus
x € dom,, (y|y0). By Lemma A4, y| g € CA[TP] (n, 0). Since '™ is tick-free we
thus have xy € VA[A] (n, 0) by Lemma A.3. Hence, by Lemma 5.3, we have that
xy € VA[A] (n, o).

FI—A()II

Follows immediately by definition.
I'tpas: A I',x:Arpt:B

I'tpletx=sint:B

By induction, we have sy € Ta[A] (n, o), which means that (sy; o) ||* (v; o’} for
some v € VA[A] (n, o). By Lemma 5.3 and Lemma 5.1, y € CA[['] (n, o’’) and
thus

ylx = v] €CA[T, x: A] (n,0”) .

Hence, we may apply the induction hypothesis to obtain ry[x > v] € TA[B] (n, o”’).
Since all elements in the range of y are closed terms, ty[x — v] = (ty)[v/x] and
thus (ty)[v/x] € Ta[B] (n, o). Consequently, {(ty)[v/x];o”) " (w; o) with
w € VA[B] (n, c””’). By definition, we thus have {(letx=sint)y;o’) |* (w;o"")
with w € VA[B] (n, o).

I',x:Arpt:B

I'kpdxt:A— B
We show that Ax.ry € VA[A — B] (n, o). To this end, we assume o’ Qé o, n <
n, and v € VA[A] (', '), with the goal of showing (ty)[v/x] € Ta[B] (n’, o).
By Lemma 5.3, y € CA[[] (#’,¢’). Thus, by definition, y[x+> v] € CA[l,x:
A] (n’,0”’). By induction, we then have that ty[x— v] € T5[B] (n’, o). Since
all elements in the range of y are closed terms, ty[x +— v] = (ty)[v/x] and thus
(1) [v/x] € Ta[B] (', ).
'rpas:A—B T'kat: A

I'tpast:B
By induction, we have sy € 7Ax]JA — B] (n,0), which means that (sy;o’) |
(Ax.s"; 0"} for some Ax.s” € VA[A — B] (n, o”’). By induction, we also have ty €
TA[lA] (n, o). Since by Lemma 5.1, o’ ;Ié o, this means that (ry; o) ||* (v; o)
for some v € VA[A] (n,o”’). Hence, by definition, s’ [v/x] € Ta[B] (n, o), since
o Qél ge(o”) by Lemma A.1 and Lemma 5.1. That means that we have
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(slv/x]; o) L (w;0”””) for some w € VA[B] (n,o""”). By definition of the
machine, we thus have ((sy)(ty); o’) |* {w; a"""").
| N kot :B

Crp(f,t):AXB

By induction, we have sy € 7A[A] (n, o), which means that (sy; o”’) ||* (v; o) for
some v € VA[A] (n,0""). We also have ty € To[A] (n, o) by induction, which by
Lemma 5.1 means that {ty; o) |* (v'; 0”"’) for some v’ € VA[B] (n, 0”"’). Hence,
((t,¢") 507y {(v,v') ; 0"""), and by Lemma 5.3, (v, v") € VA[A X B] (n, o).
T'rpat: A X Ay i€{1,2}

Thamit: A;

By induction, we have ty € Ja[[A| X A3] (n, o), which means that (ty;o’) |}’
((vi,v2);0) with v; € VA[A;] (n,0””). Moreover, by definition, (m; ty; o) ||*
(viso”’).
Cat:A; ie{l,2}

I'kpingt: A1+ Ap
By induction, we have ty € TA[A;] (n, o), which means that (ry;o”’) ||* (v; ")
with v € V) [A;] (n, o). Hence, by definition, {in; ty; o’y ||* (in; v;o”’) and in; v €
(VA[[Al + Az]] (I’l, 0’").
I',x:A;rat; B I'kat: A1+ Ay i€{1,2}

I'Fp casetof ing x.t1;iny x.t2 : B

By induction, we have ry € Ta[A; + Ay] (n,0), which means that (ty;o’) |}
(in; v; o””) for some i € {1,2} such that v € VA[A;] (n,0”"). By Lemma 5.3 and
Lemma 5.1, ¥ € CA[I'] (n, 0”’) and thus y[x — v] € CA[T, x : A;] (n,0"’"). Hence,
we may apply the induction hypothesis to obtain #;y [x > v] € Ta[B] (n, o’). Since
all elements in the range of y are closed terms, t;¥[x — v] = (#;¥)[v/x] and thus
(tiy)[v/x] € Ta[B] (n,0""). Consequently, {(t;y)[v/x]; o) U* (w; o) with w €
VA[B] (n,0""”). By definition, we thus have ((caset of iny x.t1; iny x.t2)y; o’y |J*
(w; 0"}, as well.
I',vgrat: A I'ka 6 : Clock

I'tadelaygt: @A
By definition of the machine we have that <delay6.y ty; o-’) U {l; "), where
o” =0',I+ty and cl(I)=|0y|. By Lemma 5.2, we have that IO, o t: A.
Let ¥ =y|ro. By Lemma A.9, we have that I'©r, 6: Clock. Consequently,
0y’ =6y. By Lemma A.6, |0y|=|0y’| € dom, (A). It remains to be shown that
1 € VA[@A] (n, 0”). For the case where n =0, this follows immediately from the
fact that |6y| C dom, (A).
Assumethatn=n"+ 1,k € ©,and + v : A(x), where ©® = |0y|. By Lemma 5.3, we have
thaty € CA[I'] (n’ + 1, 0”’). By Lemma A.8, we then have y’ € CA[TC] (0’ + 1, o).
And by Lemma 5.6, we then have y’ € CA[T©] (n’ + 1, gc(0”")). By definition, we
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thus have that

Y € CAlTC, %] (', [ge(a)] e (k> v) [ge(0") ] g)
= CalTC, % (', tickisy (gc(0™)))

and thus y’ € CA[TO, vy ] (7, [fickuy (gc(0”’))]g) according to Lemma 5.7.
Hence, we can apply the induction hypothesis to conclude that

ty" € TAlA] (n', [ticksy (gc(o"))]e) -

Since I'C, v Fat: A, we know that ty =ty’.Because o’/ (I) =ty = ty’, we thus have
that [ € VA[@A] (n, o).

I' kA never: @A
According to the definition of the machine, we have (never; o’) ||* (I; o) with [ =
alloc® (o). Since cl (1) = 0, we know that [ € VA[@A] (n, ).
K:eA€A, ce{p,bp}

' Fp wait, : @A
wait,y = wait, € VA[A] (n, o) follows immediately by definition and the premise.
k:ceA€A, ce{b,bp}

I'kpread, : A

Since +e¢:A, we know that + (k) :A. Hence, By definition of the machine
(read,; ') |* {t(x); o’). Moreover, by Lemma 5.9 (k) € VA[A] (n, 7).
IF'rav:0A I’ tick-free

T, Vi), T Faadvy : A
By Lemma 5.3 we have that y € Ca[I", i), I'’] (n,0’) and by Lemma A.3, y|r €
Cal, Yy ] (n, 0’). Let ©® =|cl(v) y|r|. By definition of the context relation, ®
is well-defined and a subset of dom,, (A). By definition of the context relation we
also find x € ®, nn, L, M)y, 1y such that o’ =nn (k> w) e, Fw:AK), [In]e =

[’7;\1]@’ (nL]e = [U,L]@’ and y|r € CA[I] (n+ L, (', [’I,L]Kez))' By induction, we

thus have that vy € TA[@A] (n+ L, (7 [n’L]Kg)). Since vy is a value we have

vy € VA[@A] (n+1, (riy. [ ],.,)) by Lemma A.5. By Lemma 5.7 we then have
that

vy € VA[@A] (n+1, (1w, [1L]4e)) -

By Lemma A.7, we then find a reduction {(advvy;c’)|*(v';c”) with v/ €
VA[A] (n, o).

I'kavi: @A I'Fava: @Ay 9=C1(V1) L]Cl(Vz) I’ tick-free

I, \/9, I’ kA select vy vy : ((A] X @Az) + (@A] X Az)) + (A] X Az)

By Lemma 5.3 we have that y € Ca[l', v4,I"] (n,0’) and by Lemma A.3,
YIr € Call, o] (n, 0’). Let ©1 =|cl(v1) ¥Irl, ®2=|cl(v2) ¥Ir|, and @ =0, U ©®;.
According to the definition of the context relation, ® is well-defined and a sub-
set of dom (A). By definition of the context relation we also find x € ©, ny, 7L,

-1}, such that o’ =nn (k> w)nr, Fw:AK), [nv]e = ['7;\/](-3’ [nLle = [”/L]G)’
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and y|r € CA[[T'] (n +1, (7. 7], q!))' By induction hypothesis, we thus have that
viy € TA[@A(] (n +1, (. |7 ] K¢)) for all i € {1, 2}. Since v;y are values, we also

have that v;y € VA[@A;] (n +1, (7, [n’L]Kg)) by Lemma A.5. By Lemma 5.7 we

then have that v;y € VA[@A;] (n+ 1, (7N, [nL]e)) for all i € {1, 2}. There are two
cases to consider:
- Letie{l,2} and j =3 —isuchthatk €®; \ ©;:

By Lemma A.7, there is a reduction {(advv;y;o’) ' (u;;0”) with u; €

Va[A;] (n,0”’), which by definition means that (selectviyvyy;o’) |*

(in1(in; (w1, u2)); o’") with u; =v;y. It thus remains to be shown that v;y €
VAl@A;] (n, o). There are two cases to consider.

% Let vjy =1 for some [ € Locy. From [ € VA[@A;] (n+ 1, (7N, [1L]c¢))

and the fact that « ¢ ©;, we obtain that [ € VA[@A;] (n+1, [nL],g) by

using Lemma 5.7. In particular, we use the fact that [ N]G),- =0sinceny €

A

v o, we

Heap® and « ¢ ©;. Since [1n1], Eé o’ and, by Lemma 5.1, 0’ C
can then use Lemma 5.3 to conclude that [ € VA[@A;] (n, ).

* Let vjy=wait, for some clock «’. But then I'tpv;: @A; is due to
k' AjeA or 'y AjeA and thus vy € VA[@A[] (n, o) follows
immediately by definition of the value relation.

- k€®;NOy: By Lemma A.7, we obtain a reduction (advviy);o’)|*

<v’1;o"’> with v} € V5[A1] (n,0”), and a reduction (advvyy;c”) |’

<v’2; o'”’> with v} € Va[Az] (n,0””’"). By definition we thus obtain a
reduction (select (viy) (v2y); o) I {ina((v}, v4)); o). Moreover, applying
Lemma 5.1 and Lemma 5.3, we obtain that v{ € Vx[A1] (n, o"), which means

that we have iny (v}, v})) € Va[A1 X A2] (n, o).

e I'tpA O: Nat

0y € Va[Nat] (n, o) follows immediately by definition.
I'Fat: Nat

I kA suct: Nat

By induction hypothesis ty € Ta[Nar] (n,0), which means that (ty;o’)|*
(suc™ 0; "y for some m € N. Hence, by definition, (suc ty; o) || (suc™"' 0; ")
and suc™!' 0 € Vp[Nat] (n, a”").

I'tas: A I',x:Nat,y:Arpat: A I'+aAu: Nat

I kp recng (s, x y.t,u): A
We claim that the following holds:

recna(sy, x y.ty, suc* 0) € Ta[A] (n, o) for all k e N (A.1)

To show that recyy(sy,x y.ty,uy) € Ta[A] (n,0), assume some o’ Qé o
and +c:A. By induction hypothesis uy € Ta[[Nat] (n,0), which means
that (uy;o’) | (suc™0;0”). By (A.1) and Lemma 5.1 we have that
(recng (sy, x y.ty, suc™ 0); o) | (v; 0"’y with v € Ta[A] (n,o””’). By definition

of the machine, we also have that {recyu(sy, x y.ty,uy);o’) |* {(v;o’").
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We conclude by showing (A.1) by induction on k.

— Case k=0:Leto”’ Qé o and + ¢ : A. By definition, (0; ') |J* (0; o’). By induc-
tion hypothesis sy € Ta[A] (n, o), which means that (sy; o’y ||* {(v; "’} for
some v € VA[A] (n, o’). By definition, {recyq(sy,x y.ty,0);0’) " (v; ")
follows.

— Case k=1+1. Let o Qé o and Fio:A. By  definition,
(suc* 0;0") |l (suc(suc' 0);0’). By induction (on k), we have that
(recna(sy,x y.ty,suc' 0);07) I (v;o”)  with  veVo[A] (n,0”). By
Lemma 5.1 and Lemma 5.3, we have y € CA[I'] (n, 0”’) and thus

y[x > suc 0,y —v] e CAl, x : Nat,y: A] (n,0”’) .
By induction we thus obtain that
(1y)[suct 0/x, v/y] = ty[x > suc! 0,y > v] € Ta[A] (n, o),

which means that there is a reduction <(ty) [suct 0/x,v/y]; o-”> U w; o”)
with w € VA[A] (n, 0’”’). According to the definition of the machine, we thus
have

(recna(sy.x y.ty, suck 0); oy (w; o).
TS x:@Arar:A

Frpafixxt: A
We will show that

dfix x.ty € VA[@A] (m, 0) forall m < n. (A.2)

Using (A.2), Lemma A.4, and Lemma 5.3, we then obtain that
(vIpo) [x = dfix x.ty] € Cp [TY, x: @A] (n, o). Hence, by induction,
tldfixx.t/x]y =t(y|ro)[x = dfixx.ty] € Ta[A] (n,0), which means that we
find (¢[dfixx.t/x]y;0’) |* {v;c”) with v € VA[A] (n,c”’). By definition of the
machine we thus obtain the desired (fix x.ty; o’) |* (v; o’’).

We prove (A.2) by induction on m.

If m =0, then (A.2) follows immediately from the fact that dfix x.ty is a closed term.
Let m=m’+1. By Lemma 5.3 and Lemma A4, y|.o € CA[T™] (m’, 0). By the
induction hypothesis (on (A.2)) we have dfix x.ty € VA[@A] (m’, 0) and thus

(yIpo)[x — dfixx.ty] € CA[[FD,x :@A] (m', 0) .

Hence, by induction, f[dfix x.t/x]y = t(y|-0) [x = dfixx.ty] € Ta[A] (m’, 0), which
allows us to conclude that dfix x.ty € VA[@A] (m, 0).
IF'kax:®A

v, T Fpadvy x: A

By Lemma 5.3 we have that y € CA[l, v4,I’] (n,0’) and by Lemma A.3,
YIr € CA[T, v ] (n,0’). Let ®=|0y|r|. According the definition of the con-
text relation, ® is well-defined and we find x€®, +w:A(k), nn,7L,
7];\p U,L such that o’ =N <K'_> W> nL, [nN]@ = [Uﬁv]@, [nL]G) = [U,L]@’ and 7’|F €
Cu[I] (n+ L Grys ], eE)). By Lemma A3, we thus have that y(x) = dfix y.¢
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with dfix y.t € Va[@A4] (n 1,0y [, e)). By definition, this implies that
tldfix y.t/y] € Ta[A] (n, 0). Thatis, we findareduction (¢ [dfix y.t/y]; o) ||* (v; o)
with v € VA[A] (n, 0””), which by definition means that we also have a reduction
(advy xy; 0’y L (v; o”’).
Pz A
I'taboxt:OA
We show that boxty € VA[OA] (n,0). By Lemma A4, y|.o€ CA[T] (n, 0).
Hence, by induction, ty = ty|0 € 7a[A] (n, 0), and thus box ty € VA[OA] (n, o).
T'rpat:OA

I'tpunboxt: A
By induction hypothesis, we have that ry € 7A[0A] (n, o). That is, {ty;o’) |*
(box s; 0"’} for some s € TA[A] (n, 0). Hence, (s;o”) | (v;o’”) such that v e
VA[A] (n, 0’"") which, by Lemma 5.3, implies v € VA[A] (n, 0””"). Moreover, by
definition of the machine we have that (unbox t; o’y |* (v; o’"’).

Frat:Fixa A

Trpoutt: A[@(Fixa.A)/a]
By induction hypothesis ry € 7a[[Fix a.A] (n, o), which means that {ty;o’) |}
(into v; 0’y for some v € VA[A[®(Fix a.A)/a]] (n, o””). Moreover, by definition
of the machine we consequently have {out ty; ') |* (v; o).
I'rat: A[G@(Fixa.A)/a]

I'kpintot: Fixa.A
By induction hypothesis ty € TA[A[@(Fix a.A)/a]] (n,0), which means that
(ty; o’y J {v; o) with v € VA[A|@(Fix a.A)/a]] (n, o). Hence, by definition,
(into ty; o’ |* {into v; 0’y and into v € Vp[Fix a.A] (n, o). ]
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